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Abstract 

It is shown that a self-dual neutral Einstein four-manifold of Petrov type III, admit- 
ting a two-dimensional null parallel distribution compatible with the orientation, cannot be 
compact or locally homogeneous, and its maximum possible degree of mobility is 3. Di'az- 
Ramos, Garcia-Rio and Vazquez-Lorenzo found a general coordinate form of such mani- 
folds. The present paper also provides a modified version of that coordinate form, valid in a 
■ suitably defined generic case and, in a sense, "more canonical" than the usual formulation. 

I Moreover, the local-isometry types of manifolds as above having the degree of mobility equal 

to 3 are classified. Further results consist in explicit descriptions, first, of the kernel and im- 
age of the Killing operator for any torsionfree surface connection with everywhere-nonzero, 
skew-symmetric Ricci tensor, and, secondly, of a moduli curve for surface connections with 
the properties just mentioned that are, in addition, locally homogeneous. Finally, hyper- 
bolic plane geometry is used to exhibit examples of codimension-two foliations on compact 
^ I manifolds of dimensions greater than 2 admitting a transversal torsionfree connection, the 

Ricci tensor of which is skew-symmetric and nonzero everywhere. No such connection exists 
on any closed surface, so that there are no analogous examples in dimension 2. 
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' 1. Introduction 

o . 

g ■ A traceless endomorphism of a pseudo -Euclidean 3-space is said to be of Petrov type III if it 

is self-adjoint and sends some ordered basis p,q,r to 0,p,q- 

By a type III SDNE manifold we mean a self-dual neutral Einstein four-manifold (M,(jr) 
^ ' of Petrov type III. In other words, (M,(jr) is assumed to be a self-dual oriented Einstein four- 

. manifold of the neutral metric signature ( such that the self-dual Weyl tensor 

of (M, g), acting on self-dual 2-forms, is of Petrov type III at every point. 

This paper deals with type III SDNE manifolds (M, 17) having the Walker property, that is, 
admitting a two-dimensional null parallel distribution which is compatible with the orienta- 
tion in the sense explained immediately before Remark 2.1. The main results, Theorems 9.3 
and 13.1, state that such (M,(7) is never compact, while its degree of mobility is at most 3, 
and so (M, (7) cannot be locally homogeneous. In the case where the degree of mobility equals 
3, the local-isometry types of (M,g) are explicitly classified (Theorem 16.3). 

Questions about type III SDNE manifolds arise for two reasons. First, these are precisely the 
type III Jordan- Osserman four-manifolds [8, Remark 2.1], a subclass of the class of Jordan- 
Osserman manifolds, studied by many authors [11, 12]. Secondly, type III SDNE metrics are 
all curvature homogeneous [3, pp. 247-248], so that understanding their structure is a step 
towards a description of all curvature -homogeneous pseudo-Riemannian Einstein metrics in 
dimension four. 
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Of the two main results mentioned above, Theorem 9.3 foUows from the divergence formula: 
as shown in Lemma 9.2, every type III SDNE Walker manifold carries a natural vector field 
with nonzero constant divergence. The proof of Theorem 13.1 uses, in turn, some conclusions 
about pairs (S,V) formed by a surface S and a torsionfree connection V on E with eve- 
rywhere-nonzero, skew-symmetric Ricci tensor. Specifically, Sections 12, 14 and 17 contain a 
characterization of the image and kernel of the Killing operator of (S,V), which sends each 1- 
form to its symmetrized V-covariant derivative. The other conclusion. Theorem 11.4, describes 
a moduli curve for pairs (S,V) with the properties just listed that are, in addition, locally 
homogeneous. (A canonical coordinate form of such locally homogeneous pairs (S,V) was 
first found by Kowalski, Opozda and Vlasek [13].) 

Pairs (E,V) as above are naturally related to type III SDNE Walker manifolds. Namely, 
Di'az-Ramos, Garci'a-Ri'o and Vazquez-Lorenzo proved in [8, Theorem 3.1(ii.3)] that, locally, 
type III SDNE Walker metrics are nothing else than Patterson and Walker's Riemann-extension 
metrics associated with triples (E,V, r) consisting of any such pair (E,V) and an arbitrary 
symmetric 2-tensor r on S. For details, see Section 7. Although r, unlike E and V, is not 
a geometric invariant of the metric g, a canonical choice of r is possible for a class of type III 
SDNE Walker manifolds satisfying a general-position requirement introduced in Section 15. 

The result of [8, Theorem 3.1(ii.3)] implies that every type III SDNE Walker manifold 
carries a codimension-two foliation admitting a transversal torsionfree connection with every- 
where-nonzero, skew-symmetric Ricci tensor. The fact that type III SDNE Walker manifolds 
are noncompact (Theorem 9.3) cannot be derived just from the presence of such a foliation. 
Namely, as shown in Proposition 19.2 and Corollary 19.3, foliations with the stated property 
exist on compact manifolds of all dimensions n > 3 (though not for n = 2). 

It is unknown whether the conclusion about noncompactness of all type III SDNE Walker 
manifolds, established in Theorem 9.3(a), remains valid in the non-Walker case. That the two 
cases differ in global properties other than compactness is exemplified by vertical completeness, 
introduced in Section 20. Specifically, type III SDNE manifolds (M,^) are sometimes vertically 
complete, yet, according to Theorem 20.1, this can happen only if 5 is a Walker metric. 

2. Preliminaries 

Manifolds are by definition connected. All manifolds, bundles, their sections and subbundles, 
as well as connections and mappings, including bundle morphisms, are assumed to be C°°- 
differentiable. A bundle morphism always operates between two bundles with the same base 
manifold, and acts by identity on the base. 

By the degree of mobility of a connection V (or, of a pseudo-Riemannian metric g) on a 
manifold E we mean the function assigning to each y G E the dimension of the Lie algebra 
(or, ij,) formed by the germs at y of infinitesimal affine transformations for V (or, respectively, 
of Killing fields for g). This function is constant when V (or, g) is locally homogeneous. 

For a connection V in a real vector bundle over a manifold E, sections a of the bundle and 
vector fields v,w tangent to E, our sign convention about the curvature tensor i? of V is 

(2.1) R(v,w)a = V^V^a - V^V^a + V[^,^]a. 

If V is a connection on E (that is, in the tangent bundle TE), we treat the covariant derivative 

Vt(7 of any vector field w as 

(2.2) the bundle morphism Vw : TE — > TE sending each vector field v to VvW. 
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Given a manifold S and a bundle morphism A : TT, — ^ TS, 

(2.3) A* : r*E T*T, denotes the bundle morphism dual to A, 

so that A* sends any 1-form ^ to the composite A*^ = ^A in which A : TS TT, is followed 
by the morphism ^ from TS to the product bundle S x IR. 

For the Ricci tensor p of a torsionfree connection V on a manifold S, and any tangent 
vector field w, the Bochner identity states that 

(2.4) a) p{-,w) = dYv[Vw] — d[divw], where b) divu; = trVu;. 

Cf. [9, formula (4.39) on p. 449]. Here tr Vw : E ^ IR is the pointwise trace of (2.2). 

In fact, the coordinate form of (2. 4. a), RjkW^ = ,jk~'W^ ,kj^ arises by contraction va. I = k 
from the Ricci identity w\jk — w\kj = RjkJ'W^, which in turn is nothing else than (2.1). 

For the tensor, exterior and symmetric products, and the exterior derivative of 1-forms 
on a manifold, any tangent vector fields u, w, and any fixed torsionfree connection V, we have 

a) [f3 0^]{u,w) = I3iu)^{w), /3A^ = f30^-^0P, 2p Q ^ = (3 ^ + ^ ^ f3, 

(2.5) b) m{u,w) = dMw)] - dM^)] - 
c) miu,w) = [VM^) - i^wPK'^)- 

Since IL„ = dt^ + t^d for the Lie derivative IL^ acting on differential forms, it follows that 

(2.6) IL,C = diCiv, ■)] 

whenever ^ is a 2-form on a surface and f is a tangent vector field. 
Suppose now that E is a finite-dimensional real vector space. 

(i) Whenever a subspace E' of E contains the image of an endomorphism T of E, the trace 
of r : E — > E is obviously equal to the trace of the restriction T : E' — > E'. 

(ii) Given an m-form € [E*]'^™, where m = dim E, and any endomorphism T of E, 
the sum C(Tvi,V2, ■ ■ . ,Vm) + C{vi,Tv2,V3, . . . ,Vm) + - ■ ■ + C{vi,V2, ■ ■ .,Vm-i,Tvm) equals 
C(^i)^2, • • • ,Vm)tT:T, for any vi,. . . ,Vm € E. One sees this using the matrix of T in 
the basis vi, . . . ,Vm, if vi, . . . ,Vm are linearly independent, and noting that both sides 
vanish for reasons of skew-symmetry, if vi, . . . ,Vm are linearly dependent. 

(iii) If dim E = 2 and a trilinear mapping {v,v',v") i— > xiv,v',v") from E into any vector 
space is skew-symmetric in v', v", then x(f , v', v") summed cyclically over v, v', v" yields 
0. In fact, the cyclic sum depends on v,v' and v" skew-symmetrically, so that it vanishes 
as E is two-dimensional. 

It is well-known (see, e.g., [9, Proposition 37.1(i) on p. 638]) that any null two-dimensional 

subspace S in a pseudo-Euclidean 4-space E of the neutral signature ( 1-+) naturally 

distinguishes an orientation of E, namely, the one which, for some/any basis u,v of S, makes 
the bivector u A v self-dual. This makes it meaningful to say that a null distribution of 
dimension 2 on a pseudo-Riemannian four-manifold (M, g) of the neutral metric signature is, 
or is not, compatible with a prescribed orientation of M. 

Remark 2.1. Let V be an integrable distribution on a manifold M. The maximal integral 

manifolds of V will be simply referred to as the leaves of V. (They arc the leaves of the 
foliation on M, the tangent bundle of which is V.) We will also speak of sections of V, 
treating V as a vector subbundle of TM. Finally, by a V-projectable local vector field in M 
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we will mean any vector field w defined on a nonempty open set [/ C M and such that, 
whenever v is a section of V defined on U, so is If, in addition, 

, s the leaves of V restricted to U are all contractible and constitute 

the fibres of a bundle projection it : U ^ T, over some manifold E, 

then V-projectability of a vector field w defined on U is equivalent to its 7r-projectability. 
(This is easily seen in suitable local coordinates.) 

3. The Codazzi and Killing operators 

By a k-tensor on a manifold S we always mean a k times covariant tensor field on S. For 
instance, the curvature 4-tensor ^ of a pseudo-Riemannian manifold (M, g) is characterized 
by R(u,v,u',v') = g{R{u,v)u',v'), where u,v,u',v' are any tangent vector fields and R on 
the right-hand side is defined as in (2.1) for the Levi-Civita connection V of g. 

A connection V on a manifold S gives rise to two first-order linear differential operators 
that will repeatedly appear in our discussion. One is the Codazzi operator d^, sending each 
symmetric 2-tensor r on S to the 3-tensor equal to twice the skew-symmetrization of the 
V-covariant derivative of r in the first two arguments. The other is the Killing operator C, 
which sends each 1-form ^ on S to the symmetric 2-tensor obtained by symmetrizing the V- 
covariant derivative of ^. Explicitly, for any tangent vector fields u, v, 

(3.1) a) [d\]{u,v, ■) = [Vur]{v, ■) - [V„r](u, •), b) 2[C^]{u,v) = [WuC]{v) + [Vy^]{u). 

Wc denote by Ker C the space of all C°°-differentiable 1-forms ^ with CS, = 0. 

If V is torsionfree, the second covariant derivative VV^ of any 1-form ^ on S and the 
tensor field t = satisfy the following well-known relation, immediate from the Ricci and 
Bianchi identities, cf. [7, the bottom of p. 572], in which both sides are 2-tensors: 

(3.2) V„V^ = -i[R{ ■,-)v\ + [d'^T]{- ,-,v) + VyT whenever r = C^. 

Here v stands for an arbitrary vector field, c?^ denotes the Codazzi operator with (3.1. a), 
and is treated as a 2-tensor acting on vector fields u^v by [V^](n, ?;) = [Vu^](t;). In 
coordinates, (3.2) reads ^j^kl = -Rkjl^^s + Tji^k - m,j + Tkj,i, with Tkj = {^j^k + Ck,j)/^- 

4. Riemann extensions 

Let M = T*T, be the total space of the cotangent bundle of a manifold S carrying a torsionfree 
connection V, and let tt : T*I1 — > E denote the bundle projection. Following Patterson and 
Walker [16, p. 26], by a Riemann extension metric associated with V we mean any 2-tensor 
on M having the form g = g^ + 2Tr*T, where r is a symmetric 2-tensor on S, and g"^ 
stands for the pseudo-Riemannian metric on T*S defined by requiring that all vertical and 
all V-horizontal vectors be g'^-null, while g^iC^w) = ^{dirxw) for any x € M = r*E, any 
w G TxM, and any vertical vector ^ G Ker diTx = T*Ti, with y = ^{x). Such g is clearly a 
pseudo-Riemannian metric of the neutral signature. In local coordinates y-', qj for r*S arising 
from a coordinate system for S in which V has the components F^^, 

(4.1) g = 2dqj dy^ + 2(rfc/ - qjF^i) dy^ dy\ 

cf. [16, formula (28)], with the symmetric multiplication given by (2. 5. a). 
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We use the term 'Riemann extension' narrowly, as dictated by the specific appHcations 
described in Section 7. Wider classes of Riemann extensions have been discussed by many 
authors, for instance, in [16], [1] and, most recently, [4]. 

Part (a) of the following lemma goes back to Patterson and Walker [16, §8]. 

Lemma 4.1. Let S, V and r have the properties listed above. 

(a) Any 1-form ^ on S gives rise to a diffeomorphism : M — ^ M, acting as the trans- 
lation by in the fibre r*S of M = T*S, for every y E "E, and the K^-pullback of 

g^+2TT*T is g^ +2tt*{t + CS), with C as in (3.1.b). 

(b) In particular, for any 1-form ^ on S, the metrics g^-\-2n*T and g^ -\- 2'k*{t -\- C^) on 
M are isometric to each other. 

(c) // © : r*S — ^ T*S is a vector-bundle isomorphism and the ©-pullback of g^ + 27r*r, 
restricted to some nonempty open set in T*S interseting T*T, for each y G Ti, coincides 
with g"^ + 2tt*t' for some symmetric 2-tensor t' on S, then & = ld and r' = r. 

Proof. This is immediate if one replaces the ingredients qj,y^ jT/^i, Fj^^ of formula (4.1) with 
their pullbacks under (or, under 0), that is, with qj + ^j (or, Ojqj), y^,Tki and Fj^i. □ 

To avoid confusion caused by the presence of both upper and lower indices in y-',qj, we fix a 
nonsingular square matrix [gjx] of constants, and replace y^, qj with the new coordinates y^, x^, 
related to the old ones by qj = gjxx'^. Keeping the Greek indices A, always separate from 
the Roman indices j,k,l,p,q,s, even though both sets of indices range over {1, . . . , dim S}, 
we easily verify that the components of g = g^ + 2tt*t, its reciprocal metric, the Lcvi-Civita 
connection V of g, and its curvature 4-tensor R, in the coordinates y^, x'^, are given by 

gjk = 2{Tjk - gsxx^rjl), gx^ = 0, gxj = gjx (the fixed constants), 

g^k ^ 0^ ^g^X^ ^ gX^. ^ -gJ^gl^f^g^^,, 

rx, = o, rl = o, rl, = m r^l = -g^xg^^^r.^ 

(4.2) gk^r';, = g_sxx\Rikj' -_djm + %q + Ff^rf^) + Tik,j + {d^T)ikj, 
Rxij,-- = Rx-p.- = 0, Rjkix = 9sxRjkf , 

Rjklp = 9sXX^{Rlpf'^,k - Rlpk'\j + Ij'qRlpk'^ " ^kgRlpj'^ + ^IqRjkp'^ ~ ^pgRjkl'^) 

+ Rkjp'^Tsl - RkjfTsp + {d^T)lpj^k — {d^T)lpk,j. 

Here the dots stand for indices of cither kind, I^j^ and Rjkf for the components of V and its 
curvature tensor R in the coordinates y\ the commas for V-covariant derivatives, d^ for the 
Codazzi operator of V (see (3.1. a)), and [gjx]^^ for the matrix inverse of [gjx]- 

One easily obtains the following conclusion, due to Patterson and Walker [16, p. 26]: 

Lemma 4.2. For g = g^-\-2'K*T defined as above, the following three conditions are equivalent: 

(i) g is an Einstein metric, 

(ii) g is Ricci-flat, 

(iii) the Ricci tensor p of 'V is skew -symmetric at every point. 

Proof. By (4.2), the Ricci tensor p of g has the components pj^ = g^'^RjskX + 9^^RjXks = 
Pjk + Pkj and pjx = Px/j, = 0) and the so scalar curvature of g is g^^pjk = 0. □ 

The relations gx^ = = = Rx.fi. = in (4.2) state that the vertical distribution V = 
Kcr diT is g'-null, y-parallel, and satisfies the following curvature condition (cf. Remark 2.1): 

(4.3) Riu., ■ ,v, ■ ) = d for any sections w, v of V. 
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The properties just listed form an intrinsic local characterization of Riemann extension metrics, 
which is a result of Afifi [1], stated below as Theorem 4.5. We preceed it by a more general 
discussion, beginning with a lemma phrased in the language of Remark 2.1: 

Lemma 4.3. Let an m- dimensional null parallel distribution V on a pseudo-Riemannian 

manifold {M,g) with dimM = 2m satisfy condition (2.7) for U = M. 

(a) The requirement that ir*^ = g{v, ■ ) defines a natural bijective correspondence between 
sections v of V parallel along V and sections ^ of T*S. 

(b) // (4.3) holds as well, then there exists a unique torsionfree connection V on S such that, 

for any n-projectable vector fields u, u' on M, the covariant derivative V^u', relative to 
the Levi-Civita connection V of g, is n-projectable onto the vector field V^w' on E, 
where w, w' are the ir-images of u and u'. 

Proof. The pullback vr*,^ of any given section ^ of T*S determines ^ uniquely (since tt is a 
submersion), and equals g{v, ■) for a unique vector field v on M, which defines an injective 
assignment ^ ^ v. For sections of V = Ker d7r we have {'k*^){u) = (so that v is 
a section of = V) and g{VuV, •) = ^^(vr*^) = (which gives V„f = 0), as one sees 
noting that, since V is parallel, [V„(7r*^)](it;) = - {tt*S,){Vuw) = - (7r*^)(Vu,u) = for any 
TT-projcctable vector field w on M, in view of the Leibniz rule and Remark 2.1. Finally, the 
assignment v is surjective: for a section u of V parallel along V, we define a section 

^ of r*S by ^(2;) = g{v,w), for any vector field w on S, where w is any 7r-projectable 
vector field on M with the 7r-image w. Since V = Ker dn is a ^f-null distribution, ^(53) 
does not depend on the choice of w. Also, for any section u of V, we have \7uV = 0, and so 
du[^(,w)] = du[g{v, w)] = g{v, Vuw) = g{v, Vwu) in view of Remark 2.1, which in turn vanishes, 
as V is parallel and null. Therefore, ^{w) may be treated as a function S — *■ IR, and so ^ is 
well defined. This proves (a). 

Assuming (4.3), let us fix u,u' as in (b) and a section v of V. Thus, VyU ~ 0, where 
Rs means differ by a section of V. (In fact, [v,u\ « 0, cf. Remark 2.1, and VuV ~ since 
V is parallel.) Also, R{v,u)u' is, by (4.3), a section of V"*- = V. This, along with (2.1) and 
Remark 2.1, gives [-y, Vyu'] ~ V^V^'u' 0, so that Vuu' is 7r-projectable, and (b) follows. □ 

For V as in Lemma 4.3, assertion (b) describes a transversal connection V, in the sense of 
Molino [14], for the foliation on M tangent to V. (See also Section 19.) We will refer to V 
as the transversal connection on S, corresponding to g and V. 

Patterson and Walker [16, p. 26] were the first to observe that, in the case where g is a 
Riemann extension metric g^ + 2'k*t on r*S, both S and V (though not r) are, locally, 
determined just by g and V = Ker dw. 

Using (4.2), we now describe vertical Killing fields in Riemann extensions, cf. [17]: 

Lemma 4.4. Under the assumptions of Lemma 4.3, a section v of V is a Killing field for 
{M,g) if and only if = 0, where $, corresponds to v as in Lemma 4.3(a) and C is the 
Killing operator, with (3.1.b), of the connection V described in Lemma 4.3(b). 

In fact, since = and = gj\v^, (4.2) gives Vj = and vx = (with ^-lowered 
indices), which implies the Lie-derivative relation JL^g = 2tt*{C^). 

As mentioned earlier, the following intrinsic local characterization of Riemann extension 
metrics is a special case of a result of Afifi [1]. 
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Theorem 4.5. Let an m- dimensional null parallel distribution V on a pseudo-Riemannian 
manifold {M,g) with dimM = 2m satisfy the curvature condition (4.3). Then, for every 
point X € M, there exist a manifold S of dimension m, a torsionfree connection V on S, 
a symmetric 2-tensor r on T,, and a diffeomorphism of a neighborhood of x onto an open 
subset of T*Ti, which sends 

(i) g to the Riemann extension metric g^ + 2tt*t, 

(ii) V to the vertical distribution Ker dvr of the bundle projection tt : T*E E, 

(iii) the transversal connection described in Lemma 4.3(b) to V. 

Proof. By Lemma 4.3(a), the leaves of V coincide, in a neighborliood of any given point a; G M, 
with the fibres of an affine bundle which, through any fixed choice of a zero section, becomes 
identified with the vector bundle r*S for a local leaf space S of V. Let V be the transversal 
connection on S, corresponding to g and V as in Lemma 4.3(b). Clearly, 

(4.4) {g — g'^){v,-) =0 for every section v o{ V. 

If D is the Levi-Civita connection of any pscTido-Ricmannian metric h on a neiglil)orhood of 
X and v,w are vector fields, dy[h{w,w)]/2 = h{DyW,w) = h(I)wV,w) + h{[v,w],w), and so 

(4.5) d.v[h{w,w)]/2 = dw[h{v,w)] — h{v,Dyjw) + h{[v,w],w) . 

Our two choices of h are h = g and h = g^ . If v is a section of V parallel along V and 
w is V-projectable (Remark 2.1), then each term on the right-hand side of (4.5) is the same 
for h = g as it is for h = g^ . In the case of dw[h{v,w)] and h{[v,w\,w) this is obvious 
from (4.4) since, according to Remark 2.1, [v,w\ is a section of V. On the other hand, the 
term ^(f,D^tt;), for either choice of /i, equals ^(VOTi.(vrt(;)), where ^ corresponds to v as 
in Lemma 4.3(a). (That V is also the transversal connection for g^ is immediate from the 
formula r^f, = Fjl in (4.2) with r = 0.) 

Subtracting the two versions of (4.5), for h = g and h = g"^, and using (4.4), we see that 
g — g^ = 2'K*T for some symmetric 2-tensor r on S, which completes the proof. □ 

The following lemma describes local isometries between two Riemann extension metrics, send- 
ing one vertical distribution onto the other. We use the symbol tt for both bundle projections 
T*S — > S and T*S — > S, the meaning of is the same as in Lemma 4.1(a), C is the Killing 
operator for V, given by (3.1.b), while F* : r*S r*S denotes the diffeomorphism induced 
by F : S — > S, and, at the same time, F*t stands for the F-pullback of the 2-tensor t. 

Lemma 4.6. Suppose that a triple (S, V, r) consists of a manifold S with a torsionfree 
connection V and a symmetric 2-tensor r on S. Let (S,D,t) be another such triple. 

(i) For any diffeomorphism F : S — ^ S sending V to D and any 1-form ^ on S such 
that F*t = r + the composite = K^oF* is an isometry of {T*S,g^ + 2iT*t) onto 
(r*S,5^ + 27r*r) sending one vertical distribution onto the other. 

(ii) Conversely, if x € T*S and 'P an isometry of a connected neighborhood of x in 
{T*S,g^ + 27r*t) onto an open submanifold of {T*Y^,g^ -\- 2tt*t), sending one vertical 
distribution onto the other, then ^ restricted to some neighborhood of x equals o F*, 
where F : T,' ^ S' and ^ are defined on S' and have the properties listed in (i), for 
some open suhm,anifolds S' C S and S' C S. 

Proof. If F*D = V, the F*-pullbacks of g^ and Tr*F*t are g^ and ttH. Thus, (i) is immediate 
from Lemma 4.1(a). 
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Conversely, given x and ^ as in (ii), we may assume (2.7) for suitable neighborhoods U of 
X in T*S and U' of ^{x) in T*S with some base manifolds which are open connected sets 
S' C S and S' C S, in such a way that 7ro<P = F^^ o tt for some diffeomorphism F : S' — > S'. 

In view of Lemma 4.3 and the formula i^'^ = I^j^ in (4.2), the affine structures of the fibres in 
T*S and T*S, as well as the connections D and V are local geometric invariants associated 
with the metrics + 27r*t, + 27r*r and the respective vertical distributions. Therefore, 
F*Y) = V and, on a neighborhood of x, we have = 6* o o i^* for some vector-bundle 
isomorphism Q : T*T,' —>■ T*Yl' and some 1-form ^ on S'. Now F* pushes + 27r*t forward 
onto the metric g^ + 2'K*F*t, which, according to Lemma 4.1(a), is pushed forward by onto 
g^ + 2'!T*{F*t — C$,). Since is an isometry, this last metric is the ©-pullback of g^ + 2n*T. 
By Lemma 4.1(c), O = Id and F*t — = t, which completes the proof. □ 

5. RSTS connections 

By an RSTS connection we mean a 'Ricci skew-symmetric torsionfree surface connection' or, 
more precisely, a torsionfree connection V on a surface S such that the Ricci tensor of V is 
skew-symmetric at every point of S. 

Wong [20, Theorem 4.2] found a canonical coordinate form of RSTS connections. A simpli- 
fied version of Wong's result can be phrased as follows. 

Theorem 5.1. A torsionfree connection V on a surface S has skew- symmetric Ricci tensor 
if and only if, on some neighborhood of any point of S, there exist coordinates in which the 
component functions of V are = —d-^Lp, F^ = for a function ip, and 1^1 = unless 
j = k = I. The Ricci tensor p of V then is given by p^2 = ~did2f- 

Proof. See [5, Section 6]. □ 

All general local properties of RSTS connections could in principle be derived from Theo- 
rem 5.1. However, such derivations are often tedious, which is why in this and the following 
sections direct arguments will be used. 

Denoting by R and p the curvature and Ricci tensors of any RSTS connection V, we have 

(5.1) a) R{u,v)v' = p{u,v)v', b) (3 A[p{u, ■)] = /3{u)p, 

for all tangent vector fields u,v,v' and 1-forms /? (notations of (2. 5. a)). In fact, (5.1. a) is 
a well-known special case of the fact that the Ricci tensor of a torsionfree surface connection 
uniquely determines its curvature tensor. (See, for instance, [5, Lemma 4.1].) That both sides 
of (5.1.b) agree on any given pair (v,v') of vector fields is in turn obvious from (2. 5. a), along 
with (iii) in Section 2 applied to the expression (3{v) p{u,v'), trilinear in v,u,v'. 

In the remainder of this section we assume that V is a torsionfree connection on a surface 
S and its Ricci tensor p, in addition to being skew-symmetric, is nonzero everywhere. 

Since p trivializes the bundle [T*S]^^, there exist a unique 1-form (p, called the recurrence 
1-form of V, and a unique vector field w on T, such that 

(5.2) i) Vp = (j)(S>p, n) (j) = p{w, •), in) (f){w) = 0, iv) d(p = 2p. 

(Relation (5.2.iv) is an easy consequence of tlic Ricci identity; see [5, formula (8.1)].) Further- 
more, for w defined by (5.2.ii) and any vector field v on S, 

(5.3) a) dww = 2, b) d[p{v, ■)] = [diw + (j){v)] p. 
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In fact, if u,u' arc arbitrary vector fields, (Vu[p(?;, ■)]){u') = (j){u) p{v,u') + p{VuV,u') by 
(5.2.i), so that (2.5.c) and (5.1.b) yield (5.3.b), since, according to (ii) in Section 2 and (2.4.b), 
skew-symmetrizing p{\/uV,u') in ti, we obtain one-half of dwv times p(u,u'). Now (5. 3. a) 
follows if one applies (5.3.b) to v = w, using (5. 2. in), (5.2.ii) and (5.2.iv). By (5. 3. a), 

(5.4) the set E' C E on which w ^ is open and dense in E. 

For E and V as above, still assuming that the Ricci tensor p is skew-symmetric and p ^ 
everywhere, we define a vector-bundle morphism Q : TE TE by 

(5.5) i) Q = 4 + Vw + 3(f)0w/4, so that ii) trQ = 10. 

Here Vw : TS TT, as in (2.2), 4 means 4 times the identity, 0, ti; are characterized by 
(5.2), and (5.5.ii) is immediate from (5. 3. a) along with (5.2.iii). Finally, we denote by B and 
V the first-order linear differential operators, sending symmetric 2-tensors r to 1-forms on 
E, or, respectively, 1-forms ^ on E to functions E — >^ ]R, which are given by 

(5.6) a) [iBT){v)]p = [d^T]{-, ■,v), b) 2[D^]p = ^ A </> - 

for any vector field v, where is the Codazzi operator with (3.1. a). (Note that [ci^T]( • , ■ ,v) 
is a section of the bundle [r*E]^^, trivialized by p.) Using these (j),w,B and T), we also define 
a third-order linear differential operator Z, sending each symmetric 2-tensor r to the 1-form 

(5.7) Zt = 2d[D{BT)] + ABt - t{w, ■ ) + 3[P(-Br)](/)/2. 
6. The vertical distribution of a type III SDNE manifold 

Every type III SDNE manifold (M, g) carries a distinguished two-dimensional null distribution 
V, which, in addition, is integrable and has totally geodesic leaves. Namely, acting on 
self-dual 2-forms, at any point x, has rank 2, and hence its kernel is one-dimensional. Thus, 
we may declare Vx to be the nullspace of some, or any, self-dual 2-form at x spanning Ker Wj'. 
That V has the properties just listed was shown in [6, Lemma 5.1]. 

We refer to V as the vertical distribution of (M,(^). and say that g is a type III SDNE 
Walker metric if its vertical distribution V is parallel. Similarly, a type III SDNE metric g 
is called strictly non-Walker [6, Section 6] if the fundamental tensor of V, which measures its 
deviation from being parallel [6, Section 24], is nonzero everywhere. 

For g as above, being a Walker metric is equivalent to having the Walker property men- 
tioned in the Introduction. Namely, the vertical distribution V of every type III SDNE man- 
ifold (M,g') is compatible with the orientation [6, Theorem 6.2(i)] and, if (M,^) admits any 
two-dimensional null parallel distribution compatible with the orientation, then V is such a 
distribution, that is, V itself must be parallel [6, Theorem 6.2(ii), (iv)]. 

Two constructions of type III SDNE manifolds are known. One, discovered by Dfaz-Ramos, 
Garcfa-Rio and Vazquez-Lorenzo [8, Theorem 3.1(ii.3)], always leads to Walker metrics. (See 
also the next section.) The other, described in [6, Theorem 22.1], gives rise to strictly non-Walk- 
er metrics. The resulting examples serve as universal models: as shown in [8, Theorem 3.1(ii.3)] 
and [6, Theorem 22.1], locally, at points in general position, up to isometries, every type III 
SDNE manifold arises from one of the two constructions just mentioned. 
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7. The structure theorem of Diaz-Ramos, Garcia-Rio and Vazquez-Lorenzo 

In [8, Theorem 3.1(ii.3)], Diaz-Ramos, Garci'a-Rio and Vazquez- Lorenzo described the local 
structure of all type III SDNE Walker metrics. With compatibility defined as in the lines 
preceding Remark 2.1, one can state their result as follows. (See also [5, p. 238].) 

Theorem 7.1. Let there be given a surface S, a torsionfree connection V on S such that 

the Ricci tensor p of V is skew- symmetric and nonzero everywhere, and a symmetric 2-ten- 
sor T on T,. Then, for a suitable orientation of the four-manifold M = T*T,, the Riemxmn 

extension metric g = + 2tt*t on M., with the neutral signature ( 1-+)) is Ricci-flat 

and self-dual of Petrov type III, the distribution V = Ker dn is g-null, g-parallel, compatible 
with the orientation, and constitutes the vertical distribution of g, cf. Section 6, while g and 
V satisfy the curvature condition (4.3), and the corresponding transversal connection on S, 
described in Lemma 4.3(b), coincides with our original V. 

Conversely, if (M, g) is a neutral- signature oriented self-dual Einstein four-manifold of 
Petrov type III admitting a two-dimensional null parallel distribution V compatible with the 
orientation, then, for every x G M, there exist S,V, r as above and a diffeomorphism of a 
neighborhood of x onto an open subset of T*S, under which g corresponds to the metric 
g = g^ + 2ti*t, and V to the vertical distribution KerdTr. 

According to Theorem 7.1, every type III SDNE Walker metric g can be locally identified 
with a Riemann extension metric g = + 2it*t defined as at the beginning of Section 4 in 
the special case where S is a surface and the torsionfree connection V on S has the property 
that its Ricci tensor p is skew-symmetric and nonzero at every point. By Lemma 4.2, g is 
Ricci-flat, while the formulae, appearing in (4.2), for the components of its curvature 4-tensor 
R in coordinates y^, x'^ chosen for (4.2) may be rewritten as 

(7.1) R\^i.. = Rx-ij.. = 0, RjMX = gixPjk, Rjkls = [gpxx^w^ -\- 2V{BT)]pjkPis, 

where B and V are the operators defined by (5.6), and the index convention is the same as in 

(4.2) . In fact, by (5.1. a), Rjki^ = pjkSf, and so, on the right-hand side of the last equality in 
(4.2), after intcrchaning the indices p and s, we have T^^^Risk'^ - F^^Risj'^ + F^^Rjks'^ - Fj'qRjkf = 
{Fjl - F^-)pis + {Fj^g - F^i)pjk = 0, as well as Rkjs^Tpi - RkjfTps = {tsI - Tis)pkj = 0. Similarly, 
Rlsf,k-Risk^,j equals Pis,k^j - Pls,jSl, and hence vjPpjkPis, as pis^k = (pkPls by (5.2.i), while 
(f'k^^ ~ 4'j^k ~ '^^Pjk in view of (5.2.ii) and (5.1.b) for u = w and the 1-form /? with (5j = 5^. 
Finally, since {d^T)isj = {BT)jPis (cf. (5.6.a)) and pis,}, = (j)kpis (see above), using (5.6.b), 
(2. 5. a) and (2.5.c) we conclude that {d^T)isj,k — {dy''')lsk,j = "^T^i^T) PjkPls- 

Remark 7.2. Every type III SDNE Walker metric g, restricted to a suitable neighborhood of 
any given point of the underlying four-manifold, gives rise to a triple (S, V, [r]) of invariants. 

Specifically, E is a surface (a local leaf space of the vertical distribution V, cf. Section 6), V is 
a torsionfree connection on S with everywhere-nonzero, skew-symmetric Ricci tensor (namely, 
the connection described in Theorem 7.1), and [r] denotes a coset, in the vector space of all 
symmetric 2-tensors of class C°° on S, of the image of the Killing operator C for V, given by 
(3.1.b). (Here the coset is chosen so as to contain the 2-tensor r appearing in Theorem 7.1.) 
Although r itself is not an invariant of g, the coset [r] is, as one sees using Lemma 4.6(ii) for 
# = Id, the local leaf space S = S, and D = V, with t denoting the other choice of r. 
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Conversely, by Theorems 7.1 and 14.1(c)), every triple (S, V, [r]) with the properties just 
listed arises in this manner from some type III generic SDNE Walker metric g, namely, the 
Riemann extension g = + 2tt*t. 

Finally, the original metric g, on a suitable neighborhood of the given point, is uniquely 
determined, up to an isometry, by the corresponding triple (S, V, [r]). In fact, g = g^ + 2'k*t' 
for some r' that lies in the coset [r], while, for any two choices of such r', the resulting metrics 
are isometric to each other (Lemma 4.1(b)). 

8. Some natural tensor fields on a type III SDNE Walker manifold 

In the next two lemmas (M,^') is assumed to be a type III SDNE Walker manifold. By 
Theorem 7.1, (M,^) may be identified, locally, with a Riemann extension (T*E,5'^ + 2'k*t) 
for a surface E with a torsionfree connection V, the Ricci tensor p of which is skew-symmetric 
and nonzero everywhere, and some symmetric 2-tensor r on E. We will also choose, in M, 
local coordinates y^,x^ with (4.2) and (7.1). 

Lemma 8.1. For every type III SDNE Walker manifold {M,g) there exists a unique quintuple 
{(,r],A,^,v) of local geometric invariants of g consisting of 2-forms (,,ri, a bundle morphism 
A : TM — > TM, a 1-form 7, and a vector field v, all defined globally on M, such that 

(i) 2R = C(8)?? + ??(8)C; where R is the curvature A-tensor of (M, g), 

(ii) V?7 = 27 C, with V denoting the Levi-Civita connection of (M, (/), 

(iii) ( = —2tt*p, the symbol vr standing for the bundle projection r*E — >■ E, 

(iv) r]{u, •) = g{Au, •) and g(v,u) = 4 [7(14) — j{Au)] for all vector fields u. 

In coordinates y-',x^ chosen as above, with Q given by (5.5.i), v has the components 

(8.1) v^ = 0, v^ = g^Hgk^.x^Q'; + Cj), 

where is a 1-form on E which may depend on the choice of the special coordinates. 

Proof. By (7.1), (i) and (iii) hold for the 2-forms Q and rj defined by Cjfc = —"^Pjk, fljk = 
-[T>{Bt) + gpxx^wP/2]pjk, rixj = -rjjx = gjx, Cxj = CjX = Ca^ = VXn = 0- Both ( and rj are 
local geometric invariants of the metric: ^ by (iii) and Theorem 7.1, rj in view of (i) and the 
fact that symmetric multiplication has no zero divisors. 

We now establish (ii) for a 1-form 7 with the components satisfying the conditions 

(8.2) 8jx = 9kxw'' and 87^ ~ <7fe;.x^(Q,^ - i].?^^/ + V4), 

the relation ~ meaning, in the rest of the proof, that the two expressions differ by a function 
in E (which may itself depend both on some indices and on the choice of our coordinates) ; in 
other words, their difference is allowed to depend on the coordinates y^, but not on x^. In fact, 
with the semicolons standing for V-covariant derivatives, using (4.2), we easily obtain r]x^;u = 
VXfi.;j = Vxj;fj. = Vxj;k = and 2r]jk;x = -gsxw'^pjk- Next, -r!j\r]k^ - rj),r/^, = 5fc/if,1 - 
which, as a consequence of the formula for gkij,r^i in (4.2), equals 2gsxx'^Rikj'^ + 2{d'^T)ikj (note 
the numerous cancellations due to symmetry in k^l). Since p^i^j = 4>jPki, Rikf = Plk^j ^■nd 
{dyT)ikj = {BT)jPik (see (5.2.i), (5.1.a) and (5.6.a)), this gives, by (4.2), 2r]ki;j = -JjPkl with 
7j as in (8.2), thus proving (ii) and (8.2). 

Assertion (iv) is simply a definition of A and v, stating that they are obtained from r/ 
and 4(7 — A*'y) by index raising. (Notation of (2.3).) Using (4.2) we thus get Aj = —Sj, 

A{ = 0, yl^ = (5^ and A^ ~ - g''^gs^,xf'i2r-l + w'' pjk/2). Consequently, = 4:g^^('y-A*'y)x = 
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45^'^ (Ta - ^A>) = 0- Similarly, = ^^(7 - A*-f)j = Agj^{2jj - A'^j^). Now (8.2) and the 
equality w^pjk = —^j (see (5.2.ii)) yield (8.1). □ 

Lemma 8.2. Every type III SDNE Walker manifold (M, 3) admits a globally defined section 

6 of the real line bundle [V*]^^, where V denotes the vertical distribution, such that the 
restriction of 6 to each leaf N of V is nonzero and parallel relative to the connection on N 
induced by the Levi-Civita connection of g. 

Proof. The 2- form C, appearing in Lemma 8.1(iii) may be treated as a nowhere-zero section of 
the vector bundle over M, where £ stands for the dual of the quotient bundle {TM.)/V. As 
V is a g'-null subbundle of TM, the metric g constitutes a vector-bundle isomorphism V — > 
under which C, corresponds to a trivializing section of V^^. Our 9 is its dual trivializing 
section in [V*]'^^. That 9 is parallel in the direction of V is immediate, since so are C,^ as one 
sees using (4.2), and g. □ 

The local geometric invariants of type III SDNE Walker manifolds, described in this section, 
can be naturally generalized to arbitrary type III SDNE manifolds, with or without the Walker 
property. See [6, Lemma 5.1(c), (e) and Theorem 6.2(ii)]. 

9. Noncompactness of type III SDNE Walker manifolds 

We begin with two lemmas. The first is obvious from (2.4.b) and (i) in Section 2. 

Lemma 9.1. // V is a V -parallel distribution on a manifold M endowed with a torsionfree 
connection V, and v is a section of V, then divv = div^t;. Here div is the V-divergence, 
given by (2.4.b) for V = V, while the function div^u : M IR is defined so as to coincide, 
on each leaf N of V, with the D-divergence of the restriction of v to N, where D denotes 
the connection on N induced by V. 

Lemma 9.2. // {M,g) is a type III SDNE Walker manifold and v denotes the vector field 
appearing in Lemma 8.1, then divv = 6xy^v = 10, with div^ as in Lemma 9.1 for the Levi- 
Civita connection V of g, and the vertical distribution V of (M, 5), c/. Section 6. 

Proof. We use the notations and identifications described at the beginning of Section 8. The 
equality = in (4.2) states that are affine coordinates on each leaf r*S = iT~^{y). 
Thus, by (8.1) and (5.5.ii), div^w = dfjtV^^ = g^^gkf^Qj = Qk = C)ur assertion is 

immediate from Lemma 9.1. □ 

Lemma 9.2 leads to the following conclusion. 

Theorem 9.3. Suppose that {M,g) is a type III SDNE Walker manifold. Then 

(a) M is not compact, 

(b) the vertical distribution V has no compact leaves. 

Proof. The divergence formula is well-known to remain valid for any compact manifold with 
a torsionfree connection admitting a global parallel volume element. (Cf. [7, Remark 7.3].) 
Thus, compactness of M, or of some leaf of V, would contradict Lemmas 9.2 and 8.2. □ 
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10. Left-invariant RSTS connections on a Lie group 

Kowalski, Opozda and Vlasek [13] found a canonical coordinate form of RSTS connections 
that are also locally homogeneous. More general results later appeared in [15] and [2]. 

It is convenient for us to rephrase the result of [13] using left-invariant connections on a Lie 
group. This approach has the added benefit of providing a precise description of a local moduli 
space of the (nonflat) connections in question, which turns out to be a moduli curve, namely, 
the union of two subsets homeomorphic to JR, intersecting at one point. See Section 11. 

We always identify the Lie algebra of a Lie group H with the space f) of left-invariant vector 
fields on H. If H is two-dimensional, non-Abelian, simply connected, and u,w is a basis of 
f) such that [u, w] = 2u, then there exists a function / : H ^ ]R with 

(10.1) duf = 0, d^f = -2/, / > 0. 

Such functions / are positive constant multiples of a specific Lie-group homomorphism from 
H into the multiplicative group (0, oo). In fact, by (2.5.b), the left-invariant 1-form sending u 
to and w to —2 is closed, so that it equals dlogf for some function / > 0. Left-invariance 
of dlogf means in turn that left translations act on / via multiplications by constants, which 
characterizes nonzero multiples of homomorphisms H — > (0, oo). 

Lemma 10.1. The left-invariant connections V with skew-symmetric Ricci tensor on any 

connected two-dimensional Lie group H are in a bijective correspondence with pairs f) 
formed by a Lie-algebra homomorphism ^ : f) ^ s[(f)) and a linear functional A S [}*, where 
[) is the Lie algebra of H, consisting of left-invariant vector fields on H, and 5l{t)) stands for 
the Lie algebra of traceless vector-space endomorphisms of f) . 

The correspondence is given by V^f = [*'u]v -|- X{u)v for u,v E \j, and V has the Ricci 
tensor p with p{u,v) = X{[u,v]). 

Proof. This is obvious from [5, Theorem 7.2] and [5, Lemma 4.1]. □ 

Example 10.2. Let us fix a two-dimensional non-Abelian simply connected Lie group H along 
with a basis u, w of its Lie algebra [) such that [u, w] = 2u. Given real parameters a, b with 
ab = 0, we define a left-invariant torsionfree connection V = V(a, b) on H by 

VuU = i'i + a)u-aw, VuW = au-\-{3 — a)w, 

^ VwU = {a-2)u-^{3-a)w, VwW = {a -\- b - l)u {2 - a)w. 

The Ricci tensor p of V then is skew-symmetric and, for the recurrence 1-form cf) of V, 

(10.3) a) p{u,w) = 6, b) ^(n) = -6, (f){w)=0, 

while w coincides with the vector field in (5.2.ii). Whenever / : H ^ IR satisfies (10.1), 

(10.4) i) fp is right-invariant, ii) d(/*^) = 2(1 - s)f''p for any s € IR. 
There exists a function ^ : H ^ IR with Sdi/j = —fcf), and, for any such i/j, 

(10.5) Vi = f~^u and V2 = f~^'4^u — w are right-invariant vector fields, while [^1,^2] = 2vi. 
Finally, if {a,b) = (1,0) and Z is the operator given by (5.7), we have 



(10.6) 



Z{(j)(^(p) = l5(p/2 ^ 0. 
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In fact, V corresponds as in Lemma 10.1 to the pair (^', A) such that \{u) = 3, X{w) = 0, 
and the matrices representing *u and ^u; in the basis u, w are 



(10.7) 



a a 
—a —a 



a-2 a+b-1 
3 — a 2 — a 



We have ^u^w — ^w^u = 2^^. Hence ^' is a Lie-algebra homomorphism, and so, according 
to Lemma 10.1, V has skew-symmetric Ricci tensor with (10. 3. a), while, evaluating du[p{u, w)] 
and dwipiujw)] via the Leibniz rule and (10.2), wc obtain (5.2.i,ii) for 4> with (10.3.b). Next, 
(10.1) and (10. 3. a) give p{u, •) = —Sdlogf, so that (10.4.ii) follows from (5.2.iv) and the 
relation (p f\ df = 2fp, immediate from (5.1.b) and (10. 3. b). As p{u, •) = —3dlogf, (2.6), 
(5.2.ii) and (10.4.ii) with s = 1 yield JLu{fp) = IL^(/p) = 0. Since the flows of left-invariant 
vector fields consist of right translations, this proves (10.4. i). For Vj as in (10.5), using (10.1) 
and (10. 3. b) we easily get JL^vj = JL^Vj = for j = 1,2, which implies (10.5), closedness of 
the 1-form f(j) being obvious from (10.4.ii). Finally, by (10.2) with (a, 6) = (0,1), the Leib- 
niz rule and (10.3), (V„^)(m) = 24, {Vu4>)iw) = 6, (V^<^)(?x) = -6, {Vu,<p){w) = 0, so that 
Vy,(l) = (f). Now (10.3.b) gives [V„(0 ® 0)](w, ■) = and [V^(^ ^)]('U, • ) = -12<^, which, 
combined with (5. 6. a) and (10. 3. a), yields B{(j)®(j)) = 3(j). However, Vcp = —1 by (5.6.b) and 
(5.2.iv). Therefore, (10.6) follows from (5.7) for t = along with (5.2.iii). 

Remark 10.3. If {a,b) ^ (1,0), the vector fields u and w are local geometric invariants of 
the connection V = V(a,6) given by (10.2). 

For w this is clear, also when (a, 6) = (1,0), from (5.2.ii). On the other hand, (10. 3. b) 
determines u uniquely up to its replacement by u -|- x'w, where x is any function. As ab = 0, 
the requirement that the equality VuW = au + {3 — a)w in (10.2) remain valid, even after u 
has been replaced by u -|- easily gives (a, b) = (1, 0) unless x is identically zero. 

Proposition 10.4. If V is a torsionfree connection on a surface S with everywhere-nonzero, 

skew-symmetric Ricci tensor, while (10.2) holds on a nonempty open set T,' C T,, for some 
constants a,b with ab = such that a-\-b ^ 1, and some vector fields u,w defined on S', 
which are linearly independent at each point of T,', then 

(i) w is the restriction to T,' of the vector field w given by (5.2.ii), 

(ii) the vector field w with (5.2.ii) is nonzero everywhere in the closure of S'. 

Proof. Assertion (i) was established in Example 10.2. (Since V is torsionfree, [u,w] = 2u.) If 
we now had w ^ on some sequence of points of S' converging in S, it would follow that 
^ as well, and so the last equality in (10.2) would give {a -\- b — l)u — > 0, that is, 
u —>■ 0, contradicting (10. 3. a). □ 

As shown by the next two examples, the assumption that (0, 1) ^ {a,b) ^ (1,0) (or, equiva- 
lently, a -|- 6 7^ 1) is essential for conclusion (ii) in Proposition 10.4. In Section 18 the same 
connections V(0, 1) and V(1,0) are realized on Lorentzian quadric surfaces in a 3-space. 

Example 10.5. Let y^, be the Cartesian coordinates in S = IR^. For the vector fields 
u = (0, 1/y^) on the open set S' C S where y^ / 0, and w = (2y^, 0) on E, we have 
[u, w] = 2u. Furthermore, the connection V defined by (10.2) with (a, b) = (0, 1) has a 

C°° extension from S' to S, since V(i,o)(l,0) = 0, V(i,o)(0,l) = V(o,i)(l,0) = (3y\0) and 
V(o,i)(0, 1) = (0,3y-'^), as one sees noting that (1,0) = w/{2y^), (0,1) = y^u, duy^ = and 
dwy^ = 2y^. Our S, S' and V thus satisfy the assumptions of Proposition 10.4 except for the 
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condition a + b ^ 1, and conclusion (ii) fails to hold: w = on S \ S'. (The Ricci tensor p 
is nonzero everywhere in E, since, by (10. 3. a), 6 = p(u,w) = 2p((0, 1), (1,0)) on S'.) 

Both vector fields u, w, and hence also the connection V, are easily seen to be invariant 
under the group H of affine transformations of IR^ having a diagonal linear part of determinant 
1 and a translational part parallel to the axis E \ S'. 

Example 10.6. Let 11 be a two-dimensional real vector space with a fixed area form f2. Thus, 

f2 is an element of [n*]^^\ {0}, treated as a constant 2-form on 11. Denoting by w the radial 
(identity) vector field on IT and by c a fixed nonzero real constant, we define a connection V 
on n by requiring that, for all vector fields u and all constant vector fields v on 11, 

(10.8) VuV = 2c[il{w,u)v + fi{w,v)u] — Q(ui,u)Q{w,v)w . 

Using u,v which are both constant, one sees that V is torsionfree and its pullback under any 
linear isomorphism ^ : 11 ^ 11 is an analogous connection corresponding, instead of c, to 
cdet^. Thus, V is invariant under the action of the unimodular group SL(n), and, although 

V varies with the parameter c, its diffeomorphic equivalence class is independent of c. 
Next, (iii) in Section 2 easily implies both that w = Q{w,v')v — f2(w,v)v' for constant 

vector fields v,v' with f2{v,v') = 1, and that, as a result, 

(10.9) Vuif = u + 2cil{w,u)w for all vector fields u, 

even if one replaces in (10.8) with just any constant c'. Let us now fix a nonzero constant 
vector field v on 11 and set u = [cf2{w,v)]~^v on the open subset E' = 11 \ IRv. Then 
(10.8) and (10.9) yield (10.2) for (a, 6) = (1,0) and our u,w. Again, the assumptions of 
Proposition 10.4 hold in this case, with E = IT, except for a + b ^ 1, and conclusion (iii) fails, 
as w = at 0. (The Ricci tensor p is nonzero everywhere in E, since, by (10. 3. a), cp = 6f2.) 

Lemma 10.7. If U is a two-dimensional real vector space with a fixed area form Q, and 
an RSTS connection V on a nonempty connected open set U <^ Ii is invariant under the 
infinitesimal action of SL(n), then V satisfies (10.8) for some c G ]R, all vector fields u, 
and all constant vector fields v on U. 

Proof. Let H c SL(n) be the isotropy subgroup of a fixed point y G i7 \ {0}. Thus, JRy is the 

only line (one-dimensional vector subspacc) in TyU = H with the property of H-invariance, 
here meaning invariancc under the infinitesimal action of H. 

Multiples of f^{y, ■ ) i^iy, ■ ) are, in turn, the only H-invariant symmetric 2-tensors r at 
y. In fact, such r, if nonzero, must be of rank 1, so that its nullspace, being an H-invariant 
line, must coincide with IRy, the nullspace of fi{y, ■ ) (Xi ^?(y, • ). (The rank of r cannot be 2, 
or else r would be a pseudo-Euclidean inner product, and so IRy would give rise to a second 
H-invariant line: the r-orthogonal complement of IRy, if IRy is not r-null, or the other r-null 
line, if IRy is r-null.) 

Let D be the restriction to U of the standard flat connection on H. The difference S = 

V — D is an SL (n)-invariant section of [T*U]^'^ (E) TU , and its value at y is an H-invariant 
symmetric bilinear mapping 'Ey : U x II ^ U. Since the H-invariant symmetric 2-tensor 
T = f2{y,Ey(- , •)) must equal —cf2(y, •) (g) i7(y, •)/4 for some c G IR, so that 'Ey{u,v) — 
2c[f2{y,u)v + f2{y,v)u] lies, for all u,v e U, in Ker J7(y, •) = IRy. Therefore, if u,v are 
constant vector fields, V„t; = H(u, v) is given by the formula obtained from (10.8) by replacing 
the coefficient with a constant c' unrelated to c. (The values of H at points other than y 
are the images of Ey under the infinitesimal action of SL(n).) Using (2.1), (10.9) (still valid 
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in this case), and (iii) in Section 2 we get R{u, v)v' = —2Q{u, v) \^cv' + 2(c^ — c')Q{w^ v')w\ 
for tlie curvature tensor i? of V and all constant vector fields v, v'. Thus, the Ricci tensor 
of V is skew-symmetric if and only if c' = c^, which completes the proof. □ 

Remark 10.8. We will use the following well-known fact. Let ej, j = 1, . . . ,n, he vector fields 
on an n-dimensional manifold S, trivializing the tangent bundle TS and spanning an n- 
dimensional Lie algebra. (Thus, the Lie brackets [ej,efe] are constant-coefficient combinations 
of e^, . . . ,en-) Then, locally, E may be diffeomorphically identified with a Lie group so that 
e^, . . . , e„ correspond to left-invariant vector fields. See, for instance, [5, Appendix B]. 

11. The moduli curve of locally homogeneous RSTS connections 

Let V be a torsionfree connection on a surface S such that the Ricci tensor p of V is skew- 
symmetric and nonzero everywhere, and let w be the vector field with (5.2.ii). As in Section 2, 
we denote by Oj, the Lie algebra of germs, at y G S, of all infinitesimal affine transformations 
of V. If Wy 7^ 0, then dimn^ < 1 for riy = {v E Oy : Vy = 0}, that is, 

(11.1) the isotropy subalgebra rij, of Oj, is at most one-dimensional, and so dimaj,<3. 

Namely, the differentials at y of affine transformations in S keeping y fixed lie in the one- 
dimensional group of linear automorphism of T^E that preserve both the area form py and 
the vector Wy ^ 0, so that we get (11.1). By (11.1), for y (zT, with Wy ^ 0, 

(11.2) thcpair (dim a^, dim n^^) is one of (3, 1), (2, 1), (2, 0), (1, 1), (1, 0), (0, 0). 
In addition, let Vy S TyY, be a vector naturally distinguished by V. It follows that 

(11.3) if '^'s/ ^-iid Wy are linearly independent, then riy = {0} and dim Oj/ < 2. 

In fact, the flows of elements of xiy keep the basis Vy,Wy of TyTi fixed, while, in general, 

an affine transformation F between two manifolds with torsionfree connec- 
^ ' ' tions is uniquely determined by its value and differential at any given point, 

since, in geodesic coordinates, F appears as a linear operator. 

Remark 11.1. Let V be a torsionfree connection on a surface S such that the Ricci tensor p 
of V is skew-symmetric and nonzero at every point y G S 

(a) The inequality dim Oj^ < 3 in (11.1) remains valid, by (5.4), also when Wy = 0. 

(b) Since dimSL(n) = 3, (a) implies that the connections V described in Example 10.6 
have dim = 3 at each point y, while Wy = if y = 0. 

(c) Conversely, if dim = 3 and Wz = at a point z G S, then the restriction of V 
to some neighborhood of z is diffeomorphically equivalent to one of the connections in 
Example 10.6. 

To verify (c), we first note that {Vw)z cannot have two distinct real eigenvalues: if it did, 
the same would be true of nearby points y, including, in view of (5.4), one with Wy and 
dim tty = 3. The condition dim = 3 would now contradict (11.3) for Vy chosen to be an 
eigenvector of {Vw)y such that p{vy, Wy) = 1. Consequently, (Vw)^ must be a linear automor- 
phism of r^S, for otherwise, according to (5.3.a) and (2.4.b), {Vw)z would have the distinct 
real eigenvalues and 2. Since the matrix \{djW^){z)\ of the components of {Vw)z in any 
local coordinates is nonsingular, the inverse mapping theorem implies that z is an isolated 
zero of w. Thus, the flows of all elements of keep z fixed, and so the isotropy subalgebra 
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tty = is three-dimensional. The Lie algebra riy = ay treated as acting in T^S preserves 
the area form pz- Being three-dimensional, it must therefore coincide with s[(I^E), and (c) is 
immediate from Lemma 10.7 along with the line following (11.4). 

Lemma 11.2. Under the same assumptions as in Remark 11.1, let (j) and w be characterized 
by (5.2). If y € T, is a point with dim a^^ = 3 and Wy / 0, then y has a connected 
neighborhood U such that V restricted to U is locally homogeneous, and the only symmetric 
2-tensors on U, naturally distinguished by V, are constant multiples of (8> 0. 

Proof. Since Wy ^ 0, (11.1) implies local homogeneity of V on some connected neighborhood 

U of y. If a now is a symmetric 2-tensor with the stated properties, we must have a{w, w) = 0, 
for otherwise (11.3) applied to the vector field v with (t{w, ■ ) = p{v, ■ ) would contradict the 
assumption that dim Oy = 3. Thus, if a were nondegenerate at y, it would have the Lorentzian 
signature (— +), again leading to a contradiction with (11.3), this time for v chosen so that 
a{v,v) = and p{v,w) = 1. Therefore, ranker, obviously constant on U, equals 1 or 0. 
If rank a = 1, we have a = ±a ® a for some 1-form a without zeros, which is a constant 
multiple of ^ due to the relation a{w, w) = 0, (5.2.iii) and local homogeneity of V on U. □ 

Remark 11.3. For a torsionfree connection V with everywhere-nonzero, skew-symmetric Ricci 
tensor p on a surface S, the vector field w given by (5.2.ii), and a point y € S, we have 
xiy = {0} and dim ay < 2 whenever 7^ at y for some function ip which is naturally 
distinguished by V, and defined on a neighborhood of y. (This is clear from (11.3) for the 
vector field v characterized by dip = p{- ,v).) 

Theorem 11.4. The assignment (a, 6) V, with V = V(a, 6) defined as in Example 10.2, 
establishes a bijective correspondence between 

(i) the union (IR x {0}) U ({0} x IR) of the coordinate axes in the {a,b)'plane IR^, and 

(ii) the set of local-equivalence classes of locally homogeneous nonfiat torsionfree surface con- 
nections with skew- symmetric Ricci tensor. 

The degree of mobility of V(a, 6), defined as in Section 2, equals 3 for (a, 6) = (1,0), and 2 
when (a, b) ^ (1, 0). 

Proof. That V = V(a, b) all have the properties listed in (ii) is immediate from Example 10.2. 
The final clause about the degrees of mobility dim Oy is in turn an obvious consequence either 
of Remark 10.3 combined with (11.3), for {a,b) 7^ (1,0), or of Remark 11.1(b), when {a,b) = 
(1, 0). Our assertion will thus follow if we show that, for any given nonfiat locally homogeneous 
RSTS connection V, 

(iii) V is locally equivalent to V(a, b) for some (a, b) with ab = 0, 

(iv) the pair (a, 6) in (iii) is uniquely determined by V. 

To prove (iii) - (iv), we first note that the degree of mobility dim Oy is the same for all y G S 

and, by Remark 11.1(a), equals 2 or 3. If dim Oj^ = 2, then V is locally equivalent to a left- 
invariant connection on a connected Lie group H, and so V has, locally, the form appearing 
in Lemma 10.1, with suitable ^ and A, while H is not Abelian (for otherwise V would be 
Ricci-flat by Lemma 10.1, and hence flat by (5.1. a)). Choosing a basis u,w of the Lie algebra 
f) with [n, w] = 2u, we get X{u) 7^ 0, as V is not Ricci-flat. Thus, rescaling u and adding 
to If a multiple of u, we may also assume that \{u) = 3 and X{w) = 0. If ^u,^w are the 
matrices representing '^u and "ifw in the basis u, w, the equality ('ifu)w — {'i>w)u = 2u — 3w, 
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meaning that V is torsionfree, amounts to 
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for some a,b,c,s G ]R. As ^' is a Lie-algebra homomorphism (see Lemma 10.1), 

(11.5) i) (a + b-l)s = {a-3)c + 2a, ii) [a + b - l)a = {c- l)c, iii) (a-3)a = (c-3)s, 

or, in other words, ^u^w — 53^*B„ = 253„. From (11.5) it follows that c = s = a and ab = 
(which yields (10.7), and hence (10.2), thus proving (iii) when dim = 2). Namely, (11. 5. i) 
and (11.5.ii) give [(a — 3)c + 2a]a = (c— l)cs, so that, by (11. 5. iii), (c — 3)cs + 2a^ = (c— l)cs, 
and, consequently, cs = a^. Again using (11. 5. i) and (ll.S.ii), we thus obtain [(a — 3)c+2a]c = 
{a + b — l)cs = {a + b — 1)0? = (c — l)ca, that is, (a — c)c = 0. There are now two cases: 
c = 0, and a = c. If c = 0, (11.5.ii) implies that a + 6 = 1 or a = 0, so that a = by 
(11. 5. i) with c = 0, and s = from (11. 5. iii) with c = 0. Hence c = s = a and ab = 0, 
as required. If a = c, (11.5.ii) yields ab = 0, and either a = c 7^ 3 (which, by (ll.S.iii), 
gives a = s), or a = c = 3 (and, as the equality a6 = now reads 6 = 0, (11.5.1) becomes 
6 = (a — 3)c + 2a = {a + b — l)s = (a — l)s = 2s, so that, again, c = s = a). 

Next, let dim Oy = 3 at every point y. Then the tangent bundle of the underlying surface 
S is, locally, trivialized by w with (5.2.ii) and some vector field u with (10.3) such that 

VuU = 4u-ew, VuW = u + 2w, 

^ ' ^ VyjU = —U + 2W, VyjW = w 

for some function e. In fact, w everywhere due to (5.4) and local homogeneity of V, so 

that, by (5.2), we may, locally, choose u with (10.3). Such u is unique up to being replaced 
hy u + ipw, for an arbitrary function ip. We may further require that [n, w] = 2u, and then 

(11.7) u becomes unique up to replacement by u + ipw for a function with dyuip = —2Tp. 

(Namely, (10.3), (5.2.iv) and (2.5.b) yield 12 = 2p{u,w) = {d(p){u,w) = —(p{[u,w]), and so 
[u, w] — 2u equals a function times w, which, locally, gives [u, w] = 2u provided that instead 
of u one uses u + i/jw, for suitable ijj.) On the other hand, as w 7^ everywhere, we have 
VyjW = Kw for some function k : S — > IR (or else, setting v = VyjW in (11.3), we would 
get dim < 2 at some point y). Now, by (5. 3. a) and (2.4.b), the functions k and 2 — k 
form the eigenvalues of \/w : TS TT, at every point of S, which implies that k = 1 
everywhere, since otherwise (11.3), applied to v defined by the conditions VyW = (2 — k)v 
and p{v,w) = 1, would again give dim < 2 at some y. Consequently, VwW = w and 
V^tt; = u + x"^ foi' some function x- Thus, by (10. 3. b), Vty = Id — x4>^w/6, which shows that 
X is naturally distinguished by V, and so d^x = ^ everywhere (or else Remark 11.3 would 
give dim tty < 2 at some y). From (10. 3. a), (5.1. a) and (2.1) we now get Gw = p{u,w)w = 
R{u,w)w = Vyjiu + x'w) ~ + 2VuW = —[u,w] + x^ + 2VuW = Sxvj, and hence % = 2. 
Therefore, VuW = u + 2w. As p{u,w) = 6 is constant, cf. (10. 3. a), differentiation by parts 
gives p{VuU,w) = — [Vup]{u,w) — p{u,Vuw) = 4:p{u,w). (Note that V„/j = 4>iu)p = — 6p by 
(5.2.i) and (10. 3. b).) Hence V^ti = Au — ew for some function e. Combined with the equality 
[u,w\ = 2u, this proves (11.6). 

Also, as in the last paragraph, 6u = p{u, w)u = R{u, w)u = Vw{4:U—ew)—'Vu{^w—u)+2VuU, 
so that (11.6) yields dwE = 4(1 — e). However, e depends on the choice of u, and we are free to 
modify u as in (11.7). Some such modification gives e = 1 (and so (11.6) becomes (10.2) with 
(a, 6) = (1,0), proving (iii) also in the case dim Oy = 3). Namely, the use of u + V'w instead of 
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u, with d^ip = —2^, causes e to be replaced by e + ip'^ — duip, while e + ip'^ — duip = 1 if and 
only if ^ is a solution of the system d^'ip = ip'^ + e — 1, dwip = —2ip. As dyje = 4(1 — e), this 
system is completely integrable. In fact, it implies its own integrability conditions, and so the 
graphs of its solutions are, locally, the integral manifolds of a distribution on S x ]R, which 
happens to be integrable. 

Finally, to obtain (iv), note that, according to the final clause of the theorem, the case 
(a, b) = (1, 0) is uniquely distinguished by the value of the degree of mobility, while, if (a, b) ^ 
(1,0), the invariant character of both u and w, established in Remark 10.3, allows us to treat 
the last equality in (10.2) as an explicit geometric definition of a and b. □ 

12. The Killing equation for an RSTS connection 

If the Ricci tensor p of a torsionfrce connection V on a surface E is skew-symmetric and 
nonzero at every point, (5.1. a) and (5. 6. a) allow us to rewrite (3.2) as 

(12.1) VV^ = {Bt - ^ p + Vt for any 1-form ^ on S, with r = 

Lemma 12.1. Let V be a torsionfree connection with everywhere -nonzero, skew- symmetric 
Ricci tensor p on a surface S. For any 1-form ^ on T,, setting r = C^, we then have 

(12.2) a) Q*e = 2t, b) = r + [^{w) - 2V{Br)]p/A, 

with w given by (5.2.ii), 2,3,7) as in (5.6) - (5.7), and Q* standing for the dual of the 
morphism Q in (5.5.i), cf. (2.3). 

Proof. Being skew-symmetric, — £^ = V.^ — r equals ipp for some function ip. Now 

(12.3) i) dtp = Bt - ^- ijcP, ii) dC = [C{w) - 2i, - 2V{Br)]p. 

In fact, (12.1) yields (12.3.i) since, by (5.2.i), VV^ = V(V'P + r) = (d^' + ^0) ® P + Vr. Next, 
(12. 3. i) gives d{BT — ^ — ipcp) = and so, again from (12. 3. i), d^ = d{BT) + (p A dip — ipdcp = 
d{BT) + (p /\Bt + ^/\(p — 'ipdcj). Using (5.2.iv), (5.6.b) and the relation ^A(j) = ^{w)p, immediate 
from (S.l.b) with (3 = ^, u = w and (5.2.ii), we thus get (12.3.ii). 

However, (2.5.c) and the equality V.^ = ipp + T give d(^ = 2%pp. Equating this expression for 
d$, with (12.3.ii), we obtain A-p = ^{w) — 2'D{Bt), which, as = ipp-\-T, implies (12. 2. b). In 
view of (12. 2. b) and (5.2.ii), for any vector field v we have 

(12.4) 4(V„e)(«^) = ^t{w,v) + [2V{Bt) - i{w)]cP{v). 

Applying to (12.2.b), we see that 4V^,(V^ - r) equals HV^w) - 2d^[V{BT)] + t{w,v) - 
?>^T>{Bt) — ^{iu)]p{v) / 4: times p, due to the Leibniz rule, (12.4) and the relation VvP = 4'{v)p. 
cf. (5.2.i). Since, by (12.1), 4V^(VC - t) = 4[{Bt - i){v)]p, (12.2.a) follows. □ 

Lemma 12.1 immediately leads to the following conclusion about 1-forms £^ G Ker>C, that is, 
C°° solutions ^ to the Killing equation = 0, where C is the Killing operator with (3.1.b). 

Theorem 12.2. For the Killing operator C of a surface S with a torsionfree connection V 
such that the Ricci tensor p of V is skew- symmetric and nonzero everywhere, 

(i) dim Ker C < 1, 

(ii) each 1-form ^ G Ker£ is either identically zero, or nonzero at every point. 
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Proof. Equality (12. 2. b) with r = states that any ^ € Kcr C, restricted to any geodesic, 
satisfies a first-order linear homogeneous ordinary differential equation, which proves (ii). If 
we now had dim Kei C > 2, formula (12. 2. a) with r = would, by (ii), imply that Q = at 
every point, contradicting (5.5.ii). □ 

We say that a torsionfree connection V on a surface S with skew-symmetric Ricci tensor p 
is generic if p 7^ at every point and Q defined by (5.5.i) is an isomorphism TS — TS. 
For such a generic connection V, formula (12. 2. a) leads to a complete description of both the 
kernel and the image of the Killing operator C. In fact, by (12. 2. a), 

(12.5) if V is generic, Ker£ = {0}. 

About the image of £, see Section 14. Here we just note that, for V(a, b) as in Example 10.2, 

(12.6) V(a,5) is generic except when (a, 6) = (—9,0) or (a, 6) = (0, — 15). 
Namely, by (10.2) and (lO.S.b), at each point y, in the basis Uy,Wy of the tangent plane, 

a+4 a+b-l 



(12.7) Q is represented by the matrix 



3/2 6-0 



Thus, 2 det Q = 5a + 3b + 45, and so (12.6) follows since ab = 0. 

Example 12.3. For the non-generic locally homogeneous connection V(— 9,0) defined in Ex- 
ample 10.2 with (a, 6) = (—9,0), we have dim Ker£ = 1. In fact, choosing / with (10.1), and 
then setting ^(n) = 3/^, ^{w) = 2/^, we define a nonzero 1-form ^ such that £^ = 0. By 
Theorem 12.2(i), ^ spans Ker£. 

Example 12.4. The remaining non-generic locally homogeneous connection V(0, —15) in (12.6) 
has Ker>C = {0}. To see this, note that a nonzero 1-form with = 0, if it existed, would 
give rise to the line subbundle Ker ^ in TT, (cf. Theorem 12.2(ii)), and, by (12. 2. a) with r = 0, 
the image of Q would be contained in Ker^. From (12.7) with (a, 5) = (0, —15) it would now 
follow that 8u — 3w spans Ker^, that is, ^(n) = 3i/j and ^{w) = 81/j for some function V'j not 
identically equal to 0. The relation CS, = would now yield = [Vu^](i() = du[S.{u)]—£,{Vuu) = 
3{duip — 3ip) and, similarly, = [Vu,^](w) = S^dw'ip + 4^). The resulting equalities d^ip = 31^, 
dwi^ = —4:ip would in turn give 6^ = 2duip = c?[u,«)]V' = dud^^ — d^dui^ = 0, contradicting 
our earlier conclusion that ^ 7^ somewhere. 

The following lemma will be needed in Section 16. As usual, C denotes the Killing operator. 

Lemma 12.5. Let V he one of the connections V{a,b) described in Example 10.2. If a left- 
invariant symmetric 2-tensor on the underlying two-dimensional Lie group H is the C-image 
of some 1-form, then it is also the C-image of some left-invariant 1-form. 

Proof. With ILj denoting the Lie derivatives with respect to the right-invariant vector fields 
Vj, j = 1,2, chosen as in (10.5), the left-invariance of the symmetric 2-tensor for a given 
1-form P, means that ILjCP = 0, since the flows of right-invariant vector fields on H consist 
of left translations. The last fact also implies that both ILj commute with C. Left-invariance 
of CP thus gives TLjp e KerC. If (a, 6) ^ (-9,0), then, according to (12.5), (12.6) and 
Example 12.4, Ker£ = {0}, so that /? is left-invariant, which yields our assertion. On the 
other hand, if (a, 6) = (—9,0), we may use the basis a,(f) of left-invariant 1-forms given by 
a{u) = 3, a{w) = 2 (for u, w as in Example 10.2) and (5.2.i), and fix a function / with (10.1). 
The 1-form ^ = /^a then spans Ker£ (see Example 12.3), while /3 = /la + x'P for some 
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functions x aiid fi. Since ILj/3 G Kcr£, there exist cj G IR such that JLjP = 4:Cj$, = Acjf'^a. 
At the same time, ILj/3 = (JLjiJ,)a + (ILjx)'/'- The resulting system of equations, rewritten 
with the aid of (10.5), states that x is constant and = 4:C^f^, dyjjj, = Ac^f'^ip — 4c2/^. 
Prom (10.1) and (10. 3. b) with Sdi/j = —f4> we obtain = dudwix — d^dufi — 2dufi = 24c^/^, 
that is, Ci = 0. The equations imposed on /x, combined with (10.1), now give /x = 02/^ + c' 
for some c' G IR. Thus, (3 = + = + c'a + x^, and /? has the same £-image as the 
left-invariant 1-form c'a + x4'- ^ 

13. Degree of mobility for type III SDNE Walker manifolds 

Let {M,g) be a type III SDNE Walker manifold. Since our discussion is local, we may use 
Theorem 7.1 to identify M with r*S for some surface S with a torsionfree connection V 
such that the Ricci tensor p of V which is skew-symmetric and nonzero at each point. At 
any .-c G M = T*S, the bundle projection tt : T*T, S induces a Lie-algebra homomorphism 

(13.1) TTj; : ia; -> 0^, where y = Tr{x), 

ay and i^^ being as in Section 2 for V (on S) and g (on M). Thus, if 5 = dim Kervr^, and 
(Ker C)y is the space of germs at y of 1-forms with = on a neighborhood of y in E, 

(13.2) a) dimia; = 6 + rankTr^, < (5-|-dimOy, h) 6 = dim (Ker vC)^^ < 1, 

relation (13. 2. b) being immediate from Lemma 4.4 and Theorem 12.2(i), as KeriTx consists of 
germs, at x, of those Killing fields for g which are vertical (tangent to V = Ker dir). Thus, 

(13.3) if dim ij; > 3, the pair (dim 0^,(5) is one of (3,0) and (2,1). 

Namely, according to Remark 11.1(a), we just need to show that (dim 0^,5) cannot equal 
(3, 1). If it did, however, we would be free to assume that Wy (replacing y with a point 
arbitrarily close to it, cf. (5.4)). Then V would be locally homogeneous at y as a consequence 
of (11.1), and the final clause of Theorem 11.4 would imply that V is locally equivalent to 
the connection V(1,0) of Example 10.2, contradicting in turn relations (12.6) and (12.5) (as 
5 = dim(Ker>C)j, = 1). 

Theorem 13.1. Let (M,g) be a neutral- signature oriented Ricci-flat self-dual Walker four- 
manifold of Petrov type III. Then its degree of mobility dim i^, defined as in Section 2, does 
not exceed 3 at any point a; G M. In particular, {M.,g) cannot be locally homogeneous. 

In fact, if dim i^; > 3, (13.3) gives S -\- dim ay = 3, and so, by (13. 2. a), dimi^; = 3. 

14. The image of the Killing operator 

Let a torsionfree connection V with skew-symmetric Ricci tensor p on a surface S be generic, 
as defined in the lines preceding formula (12.5). We use the symbol P for the fourth-order 
linear differential operator sending any symmetric 2-tensor r on S to the symmetric 2-tensor 

(14.1) Vt = T - /:[{Q*)-'^Zt]. 

Here £,Z and Q are given by (3.1.b), (5.7) and (5.5), while (Q*)"^ : TS ^ TE denotes the 
inverse of the dual of Q, defined as in (2.3), so that {Q*)~^Zt is the 1-form ^ with Q*$, = Zt, 
in the notation of (12. 2. a). Finally, we let <Si (or, 52) stand for the space of all 1-forms (or, 
symmetric 2-tensors) of class C°° on E. 



22 



A. DERDZINSKI 



Theorem 14.1. Suppose that V is a generic torsionfree connection with skew- symmetric 
Ricci tensor on a surface S, while C,Z and V are given by (3.1.b), (5.7) and (14.1). 

(a) C{Si) = KerT^, that is, the image of the Killing operator C : S\ ^ S2 is at the same 
time the kernel of the fourth-order operator V : S2 ^ 82- 

(b) We have a direct-sum decomposition S2 = C,{Si) © Ker ("P — Id), for which V : S2 ^ S2 
serves as the projection onto the second summand. 

(c) The image of V : S2 ^ S2 coincides both with Ker {V — Id) and with the space of all 
C°° solutions T £ S2 to the third-order linear differential equation Zt = 0. 

Proof. If r = Li, (12.2.a) gives Vt = 0, while, if Vt = 0, then r € £(5i) by (14.1), which 
yields (a). Next, (a) and (14.1) imply that = V. Thus, "P is a projection onto its image, 
and (b) follows from (a). Finally, by (b), Ker ("P — Id) is the image of V, while t E S2 lies in 
Ker {V - Id) if and only if r = Pr = r - C[{Q*)-'^Zt], which amounts to C[{Q*)-'^Zt] = 0. 
Since Ker>C = {0} (see (12.5)), this is equivalent to Zt = 0, as required in (c). □ 

15. Type III SDNE generic Walker metrics 

Generic RSTS connections were defined in the lines preceding formula (12.5). We will now 
refer to a type III SDNE Walker manifold (M, g) as generic if so is, at every point x G M, the 
RSTS connection V associated, in the sense of Theorem 7.1, with the restriction of 5 to a 
neighborhood of x. The connection V is a part of the triple (S,V, [r]) of local invariants of g, 
introduced in Remark 7.2. In the generic case, however, the coset [r] contains a distinguished 
element a given by cr = Pr, with the operator "P determined by V via (14.1). That a is 
independent of the choice of r in the coset is immediate from Theorem 14.1(a). In view of 
Theorem 14.1(c), Zcr = 0. 

Thus, by Theorem 14.1(b), if a type III SDNE Walker metric g is generic, the invariant a 
described above constitutes a canonical choice of the 2-tensor r appearing in Theorem 7.1. 
The two final paragraphs of Remark 7.2 then remain valid also after [r] has been replaced by 
a 2-tensor a on E, subject only to the condition Za = (cf. Theorem 14.1(c)). 

16. The case of maximum mobility 

According to Theorem 13.1, the degree of mobility of a type III SDNE Walker manifold cannot 
exceed 3 at any point. This section provides a complete characterization of the case where it is 
3. We begin by constructing, in Examples 16.1 and 16.2, a single manifold and, respectively, a 
one-parameter family of type III SDNE Walker manifolds having the degree of mobility equal 
to 3. These mutually non-isometric manifolds are shown, in Theorem 16.3, to represent all 
local isometry classes of type III SDNE Walker metrics with maximum mobility. 

Example 16.1. Let V be one of the connections, described in Example 10.6, on a two-dimen- 
sional real vector space 11. (They are all diffeomorphically equivalent.) Using the first part 
of Theorem 7.1, with r = 0, we see that g = then is a type III SDNE Walker metric 
on M = T*n. Invariance of g under the cotangent action of SL(n) implies, in view of 
Remark 11.1(a), that the degree of mobility of g equals 3 at every point. 

Example 16.2. Given the connection V = V(— 9, 0) defined as in Example 10.2, with (a, 6) = 
(—9,0), on a two-dimensional non-Abelian simply connected Lie group H, and any left-invar- 
iant symmetric 2-tensor r on H, the Riemann extension 5 = 5^+ 2'k*t is, according to 
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the first part of Theorem 7.1, a type III SDNE Walker metric on M = r*H, invariant under 
the cotangent left action of H, the orbits of which are obviously transverse to the fibres of 
M = T*H. In view of Example 12.3 and Lemma 4.4, (M,y) also admits a Killing vector field 
tangent to the fibres, which is nonzero everywhere (Theorem 12.2(ii)), and, so by Theorem 13.1, 
its degree of mobility is 3 at every point. 

Even though the tensors r used here form a three-dimensional space, the construction gives 
rise only to one-parameter family of nonequivalent metrics. In fact, the Killing operator £ 
restricted to the space of left-invariant 1-forms a is injective (Example 12.3), while the metrics 
g = + 2-jT*T and g' = g^ + 2tt*t' corresponding to the tensors r and t' = t + La are 
isometric to each other in view of Lemma 4.1(b). 

Theorem 16.3. // (M, 3) is a neutral- signature oriented Ricci-flat self-dual Walker four- 
manifold of Petrov type III, and the degree of mobility of g at a point x equals 3, then x has 
a connected neighborhood isometric to an open submanifold of one of the manifolds described 
in Examples 16.1 and 16.2. 

Proof. We use the same assumptions and identifications as in the lines preceding (13.1), so 
that M = r*S for a surface S carrying a torsionfree connection V with everywhere-nonzero, 
skew-symmetric Ricci tensor p. We also fix a point x G M at which dimia; = 3, and set 
y = Tr{x), where tt : r*S — > S is the bundle projection. By (13.3), the pair (dim ay, S) equals 
(3,0) or (2,1). 

If (dim ay,S) = (3,0), then the conclusion of Remark 11.1(c) holds. In fact, when Wy = 0, 
this is explicitly stated in Remark 11.1(c), while, in the case Wy ^ 0, Lemma 11.2 implies local 
homogeneity of V at y, and our claim follows from the final clause of Theorem 11.4. Thus, V 
is generic, as one sees using (12.6) with (a, 6) = (1,0) if Wy ^ 0, and noting that the same is 
true when Wy = since points y with Wy^Q form a dense set (see (5.4)), and so, by (12.7), 
det Q is constant, namely, equal to 25. The invariant a introduced in Section 15 may thus be 
treated, locally, as a symmetric 2-tensor on an open connected subset of 11, invariant under 
the infinitesimal action of SL(n) (notation of Example 10.6). Hence, by Lemma 11.2, o" is a 
constant multiple of 4) (S) (j)- However, as Za = 0, cf. Section 15, (10.6) now gives cr = 0, and 
our claim follows in this case since g and g^ + 2Ti*a are locally isometric (Section 15). 

Now let (dimOy,(5) = (2,1). By (13.2.b), this is also the case if y is replaced with any 
point of some connected neighborhood ?7 of y in E. We fix ^ G Ker/^, defined on [/, so 
that 7^ everywhere in U (cf. (13. 2. b) and Theorem 12.2(ii)). On any open subset of U 
on which ^(w;) = 0, (12.2.b) and (12.1) with r = give = and ^ (g) p = -VV^ = 0. 
Hence that such a subset must be empty, and so ^{w) / at all points of a dense open 
subset U' of U. Applying (11.3) to v given by p{v, ■) = we see that V restricted to U' is 
locally homogeneous. As dim(Ker£)j^ = (5 = 1, (12.5), (12.6) and Example 12.4 show that V 
represents, on [/', the point (a, 6) = (—9,0) of the moduli curve in Theorem 11. 4(i). Therefore, 
on U', (12.7) with (a, 6) = (-9,0) yields Qw = Ibw - 10«, and, by (10.3.a), p{w,Qw) = 60, 
which, due to denseness of U' in U, holds on U as well. Consequently, w and Qw are 
linearly independent at each point of [/, so that the same is true of w and u, where u has 
now been extended to U via the formula lOn = Ibw — Qw. By continuity, we have (10.2) 
everywhere in [/, and hence [u, w] = 2u. This allows us to treat U, locally, as an open set in 
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a two-dimensional non-Abelian simply connected Lie group H, while u, w then become left- 
invariant vector fields on H, and elements of ay are the germs at y of right-invariant vector 
fields on H (the flows of which consist of left translations) . 

Making U smaller, if necessary, and using Theorem 7.1, we may assume that g = g^+2'K*T 
for some symmetric 2-tensor r on U. Since (13.1) is surjective (by (13.2.b)), for every left 
translation F close to the identity Lemma 4.6(ii) yields F*t = t + where /3 is a 1-form 
depending on F. (Local isometrics of (M,^) leave the vertical distribution V invariant.) 
Infinitesimally, this gives ]Lj,r = CI3y for every right-invariant vector field v, with a 1-form 
(3v that depends linearly on v. Let us now choose a basis ^1,^2 of right- invariant vector fields 
such that [1^1,1^2] ~ write ILj,/3j instead of Ej^ and (3^ for v = Vj. As ILj commute 

with C, for the 1-form ^' = lLi/32 - ILa/^i - 2(3^ we have C^' = ^1^2^ - '^^2^1^' - 2ILir = 0. 
On the other hand, using the basis a, (p of left-invariant 1-forms given by a(u) = 3, a{w) = 2 
and (5.2.i), we get Pj = A{vj)a + E{vj)(l) with some 1-forms A and H. The equality 
^' = JL-^^P2~^2Pi~^Pi now reads ^' = ((iA);^2Q^ + (<^")i2^ (cf- (2.5.b)), where, for any 2-form 
C, we use the subscript convention — Also, as C^' = 0, if we fix a function 

/ with (10.1), ^' equals a constant times ^ = /^a (see Example 12.3). Thus, {dS)^2 = 
and ((iA)]^2 = ^(^f^P\2 fc>r some c G ]R. (By (10.4. i), /p^2 is constant.) Hence dE = and 
dA = Acf^p = —cd{f^(f)), cf. (10.4.ii), so that E = dx and A = d/x — cf^cf) for some functions 
X and /X. We may in addition assume that, for a suitable function -0, 

(16.1) i) ^j[T-c{iia + x<t>)] = -cC[fct>{vj)^], ii) /:[/0(t>,)e] = -iL,/:(ve). 

Namely, (16.1.i) follows in any case since IL^r = CPj and C(3j = C[/S.[vj)a + S{vj)(l)] = 
C[iJLjii)a + (ILjx)^] — cC[f^(f){vj)Q\, while ^ = /^a, and ILj commute with C. To ob- 
tain (16.1.ii), instead of letting the right-invariant fields Vj with [^'1,^2] = be other- 
wise arbitrary, we choose them as in (10.5). Then f(f){vi) = —6, f(j){v2) = (cf. 
(10.3.b)), and so C[f(t>{v-^)S,] = 0, as ^ € KeiC, while C[f (f){v2) S,] = -GCiipS,). However, 
ILi(/2^) = 2/2 and TL2ifi^) = ^fi' by (10.5), (10.1) and (10.3.b) with 3# = -/</>• Thus, 
^j{tpO = ^jifi^oc) = [lLjif'ilj)]a and JLj£{tP() = CTLj{tPC), so that TL^CO^O = ^^fa) = 
2£e = = -Cifcl^ivi)^], and lL2C{iP0 = 6>C(/'^a) = = -C[mv2)^], as required. 

Setting t' = T — C{fia + x4' + cV'C) see that, by (16.1), IL^r' = 0, and so r' is left-in- 
variant. Therefore, in view of Lemma 4.1(b), the restriction of g to some neighborhood of x 
is isometric to one of the metrics of Example 16.2. □ 

The single manifold of Example 16.1 and the one-parameter family of Example 16.2 together 
form a collection of type HI SDNE Walker manifolds that are mutually non-isometric, even 
locally. More precisely, an open submanifold in one of them is never isometric to an open 
submanifold of another. 

In fact, the manifolds of Example 16.1 differs from those in Example 16.2 by the value of 
the local invariant (dim 0^,(5) (see the proof of Theorem 16.3). Thus, we may restrict our 
discussion to the latter manifolds, assuming that r and r' are left-invariant symmetric 2-ten- 
sors on H, while the restrictions of g"^ + 2tt*t and 5^ -|- 27r*T' to some open submanifolds are 
isometric. Since the vertical distribution is a local invariant of the metric (Section 6), and so 
is the transversal connection V (cf. Lemma 4.3(b) and Theorem 7.1), applying Lemma 4.6(ii) 
we conclude that the left-invariant symmetric 2-tensor r — r' is the £-image of some 1-form 
on H. We used here the fact that the left translations in H are the only diffeomorphisms F 
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between open submanifolds of H, satisfying the condition F*V = V, which itself easily follows 
from (11.4) and Remark 10.3. 

As a consequence of Lemma 12.5, the two metrics represent the same element of the one- 
parameter family in Example 16.2. 

17. Non-generic RSTS connections and type III SDNE Walker metrics 

We refer to an RSTS connection V as special if, at every point, the Ricci tensor p is nonzero 
and the bundle morphism Q given by (5.5.i) is noninjective. This is the extreme opposite of 
the case where V is generic, defined in the lines preceding (12.5). For an RSTS connection 
with p 7^ at every point of the underlying surface S, being generic or special is a general- 
position requirement: S obviously contains a dense open subset U such that the restriction 
of V to each connected component of U is either generic or special. 

According to (5.5.ii), if an RSTS connection V is special, Q and Q* have, at each point, 
the eigenvalues and 10, so that 

(17.1) (Q-10)Q = 0, (Q*-10)Q* = 0. 

The next result may be viewed as a counterpart of Theorem 14.1 for RSTS connections which, 
this time, are assumed special rather than generic. As before. Si (or, S2) is the space of all 
1-forms (or, symmetric 2-tensors) of class C°° on the surface S in question. In view of (17.1), 
T*S = Ker {Q* - 10) Ker Q*, so that Si = S+® 5°, where 5+ (or, 5°) is the space of all 
C°° sections of the line bundle Ker (Q* — 10) (or, KeiQ*). We also define a fourth-order linear 
differential operator W : S2 ^ S2 hy WW = CZ, with C and Z as in (3.1.b) and (5.7). 

Theorem 17.1. For any special RSTS connection, 

(a) = that is, (W - Id) = 0, and S2 = Ker Ker (W - Id), 

(b) £{Si) = C{S+) £(5°) and £{S+) = Ker (W - Id), 

(c) £(5°) C KerZ C KerW C KerW^ = Ker Q*Z. 

Proof. By (12.2.a) and (17.1), ZC = Q* and (Q*)^ = lOQ*, which yields = W^, and 
hence (a). (Explicitly, r = - (W + Id)(>V - Id)r, and (W + Id)(W - Id)r G Ker W^, 

WV G Ker (W-Id) for any r G S2.) The relation £(5+)n£(5°) = {0}, that is, the first part 
of (b), is clear since ZjC = Q* is zero on <S°, and injective on 5+ Next, lOWjCa = CZCa = 
CQ*a = lOCa whenever a G <S+, so that >C(<5+) C Ker (W — Id). On the other hand, if 
Wr = T, setting a = Zt we obtain Q*a = ZCa = ZCZt = IOZWt = WZt = 10a, and 
so Q G 5+, while Ca = CZt = lOWr = lOr. Consequently, Ker (W - Id) C C{S+), which 
proves (b). The first two inclusions in (c) are immediate as ZC = Q* and lOW = CZ, and 
the third one is obvious. Finally, 100 = CZjCZ = CQ*Z. Thus, KerQ*Z C KerW^. The 
opposite inclusion follows since, if CQ*Zt = 0, then = ZCQ*Zt = {Q*fZT = 10Q*Zt. □ 

By analogy with Section 15, we will also say that a type III SDNE Walker manifold {M,g) is 
special if so is, at every point x of M, the RSTS connection V determined, as in Theorem 7.1, 
by the restriction oi g to a neighborhood of x. 

The assumption that (M,^) is special allows us, as in Section 15, to replace (E,V, [r]) 
by a more tangible triple (S, V, o") of local invariants. Here a is the KerW^ component of 
r relative to the decomposition <S2 = Ker © Ker (W — Id) in Theorem 17.1(a), so that, 
due to the second equality in Theorem 17.1(b), the coset [a] = [r] remains unchanged, and 
Q*Za = 0, cf. Theorem 17.1(c). 
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In contrast with the situation discussed in Section 15, a does not constitute a unique, 
canonical choice of a representative from the coset [r]. In fact, according to Theorem 17.1(c), 
by replacing r with a we have merely reduced the freedom of choosing r, which originally 
ranged over a coset of the subspace C{Si) in the space 82-, to the freedom of selecting a out 
of a fixed coset of the subspace C{S^) in the space Ker(5*Z. 

The remainder of this section is devoted to a description of the local structure of an arbitrary 
RSTS connection with dim Ker>C = 1, where C is the Killing operator. By (12. 2. a), all such 
connections are special. We begin with some examples. 

Let S be a surface with fixed vector fields v,w that trivialize the tangent bundle TS and 
functions V'j X ■ ^ IR-j satisfying the conditions 

(17.2) [v,w] = + 2ipw, dytp = Ail^"^ , dyjil^ = —Ai/j, d^x = 4, tp everywhere. 

Such VjWjiI'jX are in a bijective correspondence with quadruples u,w,ip,x in which u,w 
again trivialize the tangent bundle, while [u,w] = 6n, duip = 0, = ~4^, d^-'^wX = 4 

and V' 7^ everywhere. (The correspondence is given by u = v + tpw.) Locally, the triples 
u,w,ijj within the latter quadruples arise precisely when u,'W constitute a suitably chosen 
basis of left-invariant vector fields on a two-dimensional non-Abelian Lie group H and ■0 is a 
nonzero constant multiple of a specific Lie-group homomorphism from H into the multiplicative 
group (0,cx)). (Cf. Remark 10.8 and (10.1.) 

For E and v, w, 1/;, X ^ above, we define a torsionfree connection V on S by 

(17.3) VvV = 5i{jv, VwV = ipw, VvW = 6v + 3ipw, V^w = Ibxv — Aw. 

One easily verifies that the Ricci tensor p of V is skew-symmetric, p{v,w) = and w 
coincides with the vector field characterized by (5.2.ii). Furthermore, dim Ker£ = 1 due to 
Theorem 12.2(i) and the fact that = for the nonzero 1-form ^ with ^{v) =0 and 
^(w) = 4-0. In addition, GOipx = pC^wWjw) is an affine invariant and d^{tpx) = 4(V'X + 1)V'- 
Thus, V is locally homogeneous if and only if ipx is constant, namely, equal to —1. (The 'if 
part is immediate from Example 10.2, since, setting u = 3(w — xv)/2, we may then rewrite 
(17.3) as (10.2) with (a, 6) = (-9,0).) 

Theorem 17.2. Every RSTS connection with dim Ker>C = 1 is, locally, at points in general 
position, given by (17.3) for some quadruple v,w,ip,x o,s above, with (17.2). 

Proof. Let us define w by (5.2.ii) and ip hy Aip = ^{w), where ^ is a fixed nontrivial 1-form 
with = 0. Thus, 7^ at all points of a dense open subset: in fact, if we had -0 = 
on some nonempty open set [/, (12. 2. b) with r = would give V.^ = on U, and so (12.1) 
with r = would imply that ^ = on [/, contradicting Theorem 12.2 (ii). 

From now on we assume that ^ 7^ everywhere. Using (12. 2. b) with r = we obtain 
V4 = Vp, and so VV^ = {di) + ipcp) ® p (cf. (5.2.i)), while (12.1) with r = yields VV^ = 
— ^ (8) p- Hence dtp = — ipcf). 

For the vector field v characterized by = p{v, ■), we see that ^{v) = and (j){v) = 
p{w,v) = = —Atp. Since dip = —^ — ip4>, (5.2.iii) now gives dyip = Aip"^, dyjip = "4^^, as 

required in (17.2). From the relation = tpp and the Leibniz rule, pi^uV, •) = ^u^—(t>{u)(, = 
i/jp{u, ■ ) — (f){u)p{v, ■ ) for any vector field u, so that V^v = ipu — (f){u)v. In particular, setting 
u = V or u = w, we obtain the first two equalities in (17.3). 

As = 0, (12.2.a) shows that Q*^ = 0. Thus, by (5.5.i), = ^{Qw) = ^{4w + V^w) = 
16i^+^{Vww) and = S,{Qv) = S,{Av+VvW-3iJw) = S,{Vyw)-l2^^. We used here the fact that 
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^(v) = 0, which now also imphes the last equality in (17.3), for some function Xi well as the 
relation V„w = fiv+Sipw for some function fi. At the same time, by (5.2.iv) and (2.5.b), 8iJj = 
2^(w) = 2p{v,w) = {d(p){u,w) = —du,[4>{v)] — (j){VvW — 'Vwv) = Adyjip — iJ,(j){v) = (— 16+4//)-i/', so 
that /X = 6. We thus have (17.3), as well as (17.2) except for the relation d^x = 4. To establish 
it, we use (5.1. a) and (2.1), obtaining Ail^w = p{v,w)w = R{v,w)w = 4ipw + 15(4 — dyx)^, 
which completes the proof. □ 

18. RSTS connections associated with a Lorentzian 3-space 

Let n be a two-dimensional real vector space with a fixed area form i? (cf. Example 10.6). 
The unimodular group SL(n) acts, by conjugation, on the three-dimensional vector space V 
of all traceless endomorphisms of H, and its action preserves the Lorentzian (— + +) inner 
product ( , ) in V characterized by {A, A) = — det A for ^4 G V. In other words, V is the 
Lie algebra of SL(n), the action amounts to the adjoint representation, and (,) is, up to 
a factor, the Killing form of SL(n). The action of SL(n) is not effective: its kernel is the 
center Z2 = {Id, —Id} of SL(n), and SL(n)/Z2 acting on V is nothing else than the identity 
component SO^(V) of the Lorentz group of (V, (,)). 

The SL(n)-equivariant quadratic mapping $ : 11 ^ V defined by ^(y) = f^{y, ■ )®y sends 
n \ {0} onto the future null cone S in V, which is a specific connected component S of the 
set of nonzero ( , )-null vectors. 

Proposition 18.1. Under the above hypotheses, the future null cone in V admits a one- 
parameter family of torsionfree connections invariant under the transitive action of SO^(V) 
on T, and having nonzero, skew-symmetric Ricci tensor. All these connections represent the 
point {a,b) = (1,0) of the moduli curve in Theorem 11.4(i). 

Proof. Since $ : n\{0} — >■ E is a two-fold covering, we may choose the connections in question 
to be the <I>-images of the SL(n)-invariant connections V on 11 described in Example 10.6. 
(The deck transformation — Id G SL(n) leaves any such V invariant.) □ 

As before, let S be a future null cone in a 3-space V endowed with a Lorentzian ( — 1-+) 
inner product (,), and let Y be the sheet, adjacent to E, of the two-sheeted hyperboloid 
formed by all ( , )-unit timelike vectors in V. We refer to Y as the hyperbolic plane, since 
(,) induces on Y a Riemannian metric of constant curvature —1. Similarly, (,) induces 
a Lorentzian ( — h) metric of constant curvature 1 on the one-sheeted hyperboloid S of all 
( , )-unit spacelike vectors in V. 

The unit tangent bundle T^Y of Y may be identified with the submanifold of Y x S 
consisting of all ( , )-orthogonal pairs (p, q) G Y x S. The formula F{p, q) = p + q defines 
a mapping F : T^Y — > E which is a fibration, as the connected Lorentz group SOT(V) acts 
transitively on both T^Y and E, while F is obviously SO^(V)-equivariant. The fibres of F 
are the leaves of the horocycle foliation on T^Y, called so because they are easily verified to 
be the natural lifts to T^Y of oriented horocycles in Y. 

Remark 18.2. The horocycle foliation descends from T^Y to the unit tangent bundle T^E of 

any closed orientable surface E of gcmis greater than 1 endowed with a hyperbolic metric. 
This is due to its invariance under the action on T^Y of the group SO^(V) of all orienta- 
tion-preserving isometries of the hyperbolic plane Y. The invariance follows in turn from the 
SOT(V)-equivariance of F, mentioned above. 
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Remark 18.3. If A is a ( , )-null one-dimensional subspace of our Lorentzian 3-space V, then 
( , ) restricted to the plane A"*- is positive semidefinite and degenerate. Thus, the set A^H S of 
all ( , )-unit spacelike vectors in A-*- is the union of two parallel lines, cosets of A, each of which 
is a null geodesic in the one-sheeted hyperboloid S with its submanifold metric. Consequently, 
as SO^(V) acts on S transitively, S carries two foliations, the leaves of which are maximal 
null geodesies in S and, simultaneously, straight lines in V, in such a way that each leaf of one 
foliation is disjoint with (and, as a line, parallel to) exactly one leaf of the other foliation. 

Proposition 18.4. For V, ( , ) and the one-sheeted hyperboloid S C V as above, let A^ be 
the two parallel lines forming the set A^ H S, where A is a fixed {,)-null one- dimensional 
subspace of V. Then the surface S' = S \ A~ admits a torsionfree connection V invariant 
under the action of the two-dimensional Lie group H = {C G SO^(V) : C(A) = A} and having 
everywhere-nonzero, skew- symmetric Ricci tensor. Furthermore, the restriction of V to the 
open subset S' \ A+ = S \ A"*- is locally homogeneous and represents the point (a, h) = (0, 1) 
on the moduli curve of Theorem 11.4(i). 

Proof. Define vector fields on the open set V\ A"*- in V by = y ±q — [y , y ± q) {y , p)~^p, 
where y denotes the radial (identity) vector field on V and p,q are constant vector fields 
with p G A \ {0} and q G A+. Both are easily seen to remain unchanged when a different 
choice of p or is made, so that they depend only on A+, which makes v_^_ and v_ invariant 
under the action of H. (As H is connected, C(A+) = A+ for all C G H.) Also, {v_^,y) = 0, 
= 1 — {y, y), f_) = — 1 — {y, y), so that, at every point of the surface S" = S \ A"*-, 
the vector fields Vj. are tangent to S", null, and linearly independent. Therefore, the vector 
fields u = 3{v_ — v_^) and w = 2v_ trivialize the tangent bundle of S". As [u,w] = 2u, 
the connection V defined by (10.2) with these u, w and (a, b) = (0, 1) has all the required 
properties except for being defined just on S", rather than everywhere in S'. 

To show that V has a C°° extension to S', let us note that the function i/j = {y,p) and the 
vector field X = ipv_^_ are of class C°° on S', and hence so is Z = il:~^v_. (The last conclusion 
follows as {X,Z) = {v^,v_) = — 2 on S", while X,Z are both null, and X everywhere 
in S'.) Furthermore, dyijj = iJj both for v = v_^_ and v = v_. Thus, V^X = ip^Z — ipX, 
Vx^ — Yz-^ = V'-^) "^z^ — 0' assertion follows. □ 

In the above proof, the (skew-symmetric) Ricci tensor p of V is nonzero everywhere in S', as 
p{X,Z) = p{v_^_,v_) = — p{u,w)/6 = —1 by (10. 3. a). Also, w = 2v_ = 2il)Z vanishes on A"*", 
since so does '0. Thus, Proposition 18.4 illustrates, just like Example 10.5, the necessity of the 
assumption that a-\-b^l for conclusion (ii) in Proposition 10.4. 

19. Transversal RSTS connections 

We discuss here transversal RSTS connections having everywhere-nonzero Ricci tensor. Trans- 
versal torsionfree connections which are flat were studied, in any codimension, by Wolak [19]. 

Suppose that .F is a codimension m foliation on a manifold M and V is the codimen- 
sion m distribution tangent to J^. A local section of the quotient bundle {TM.)/V defined 
on a nonempty open set ?7 C M will be called T-projectable if it is the image, under the 
quotient projection TM (TM)/V, of some V-projectable local vector field defined on U (cf. 
Remark 2.1). Following Molino [14], by a transversal connection for we mean any operation 
V associating with every nonempty open set U C M and every pair v, v' of ^-projectable 
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local sections of {TM)/V, defined on U, an J^-projectable local section Vyv' of (TM)/V, 
defined on U, in such a way tliat 

(i) the dependence of V^v' on v and v' is local, and, in particular, the operations V 
corresponding to two intersecting open sets agree on their intersection, 

(ii) if U satisfies (2.7) then, for some connection V on the base S, and any J^-projectable 
local sections v,v' of (TM)/V, defined on U, the 7r-image of 'Vyv' is the vector field 
\7ww' on S, where w, w' stand for the vr-images of v and v'. 

All local properties of connections on manifolds make sense for transversal connections. One can 
thus speak of codimension-two foliations on manifolds with transversal torsionfree connections, 
the Ricci tensor of which is skew-symmetric and nonzero at every point. Prom now on we refer 
to them as transversal RSTS connections with everywhere-nonzero Ricci tensor. 

Example 19.1. Each of these cases leads to a transversal RSTS connection V with everywhere- 
nonzero Ricci tensor for a codimension-two foliation J- on an n-dimensional manifold. 

(a) n = 4 and is the foliation tangent to the vertical distribution V of a type III SDNE 
Walker manifold (immediate from Theorem 7.1). 

(b) n = 2 and J- is the 0-dimensional foliation on a surface S with a fixed RSTS connection 
V, the Ricci tensor of which is skew-symmetric and nonzero everywhere (obvious) . 

(c) n > 3 is arbitrary and T is the vertical foliation on the total space of a locally trivial 
bundle over a surface E with V as in (b) (obvious). 

(d) n = 3 and is the horocycle foliation on the unit tangent bundle T^Y of the hyperbolic 
plane Y (immediate from Proposition 18.1, the lines preceding Remark 18.2, and (c)). 

In cases (a), (b) and (c) above, the underlying manifold cannot be compact, as shown in 
Theorem 9.3(a) and [5, the lines following Theorem 5.1]. In (d), however, although T^Y is 
noncompact, it has compact quotients to which descends: 

Proposition 19.2. The horocycle foliation on the unit tangent bundle T^E of any closed 
orientable surface S of genus greater than 1, for any hyperbolic metric on T,, admits a 
transversal RSTS connection with everywhere -nonzero Ricci tensor. 

This is a direct consequence of Example 19.1(d), Remark 18.2 and Proposition 18.1. 

Corollary 19.3. Compact manifolds with codimension-two foliations that admit transversal 
RSTS connections having everywhere -nonzero Ricci tensor exist in all dimensions n>3, but 
not in dimension 2. 

In fact, if n > 3, it suffices to combine Proposition 19.2 with the obvious Cartesian-product 
construction. For n = 2, see the lines preceding Proposition 19.2. 

20. Type III SDNE non-Walker manifolds 

It is not known whether Theorem 9.3 remains true without the assumption that y is a Walker 
metric. This section presents a global condition unrelated to compactness, which, although 
satisfied by some type III SDNE Walker manifolds, can never hold in the non-Walker case. 

Specifically, we say that a type III SDNE manifold (M, g) is vertically complete if every 
leaf of its vertical distribution V is complete as a manifold with the connection induced by 
the Levi-Civita connection of g. Thus, geodesic completeness of {M,g) implies its vertical 



30 



A. DERDZINSKI 



completeness. Note that the leaves of V are totally geodesic (Section 6), and the connection 
induced on a leaf is always flat [6, Lemma 5.2(i)]. 

All pairs {M.,g) = (T*E, + 27r*r) described in the first part of Theorem 7.1 are examples 
of vertically complete type III SDNE Walker manifolds. In fact, by (4.2), the connection 
induced on each leaf T*S is the standard flat connection on the vector space r*S. On the 
other hand, no such examples are possible in the non-Walker case: 

Theorem 20.1. Every vertically complete type III SDNE manifold has the Walker property. 

Proof. Suppose that, on the contrary, {M,g) is a vertically complete type III non-Walker 
SDNE manifold, and so the vertical distribution is not parallel (see Section 6). Let a and 
/3 be the 1-forms on M, defined in [6, Lemma 5.2]. Thus, according to [6, Theorem 6.2(ii)], 
P ^ somewhere in M. Formulae (S.l.g) and (8.2.i) in [6] now imply that, for some leaf N 
of V, the 1-form on ^ on N obtained by restricting a to N is not identically zero, while [6, 
formula (S.l.b)] states that d„[Q!(T;)] = a(u)a{v) for any local sections u,v of V parallel along 
V. (The three formulae are established in [6, Theorem 8.4], without using the assumption that 
P ^ everywhere.) Denoting by D the complete flat connection induced on the leaf N, we 
thus have D^ = ^ ® and, choosing a geodesic IR 9 s x{s) G N with the velocity vector 
field v{s) such that fi{s) = ^x{s){'"{^)) is nonzero for some s G IR, we obtain d^/ds = fi^. 
Hence /x cannot be defined everywhere in JR. This contradiction completes the proof. □ 
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